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Prefacs

The work dssoribed in this report is pertinent to the
projsets dssignated by the War Department liaison officer as
AC=1, AC~-36, and AO=-42 and to the projscts designatsd by the
Navy Department Liaison officer as NO-1135, NO-174, and NO-235.
This work was carried out and reported by National Bureau of
Standerds under a transfer of funds from OSRD with the co-
operation of the Washington Radar Group of the Massachusetts
Institute of Technology and Section Re4g of the Buresu of
Ordnance, Navy Department.
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Preface

The work desoribed in this report is pertinent to the
projects designated by the War Department Liaison offiocer as
AC=1, AC=36, and AO-42 and to the projects designated by the
Navy Department lLiaison offiocer as NO=-115, NO-174, and NO-23S,
This work was oarried out and reported by National Bureau of
Standards under a transfer of funds from OSED with the co-
cperation of the Washington Radaer Group of the Massachusetts
Institute of Technology and Seotion Red4g of the Bureau of
Ordnance, Navy Department.
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LATERAL STABILITY OF HOMING GLIDE-BOMBS
WITH APPLICATION TO NAVY SWOD MARK 7 AND MARK 9

1. Lateral Stability Fqust

The motion of a glider in flight ia determined by two
factors, the asrodynamic forces and moments due to the re-
action of the air on various parts of the glider, and the
forces and moments due to gravity. The resultant of the
gravitational forces may be represented by a force equal
to the weight of the glider acting vertically downwards
through the center of gravity. The resultant of the aero-
dynamic reaction is theredy conveniently represented by
three mutually perpendicular forces aocting through the
center of gravity and three moments aocting about these
three mutually perpendiocular axes which meet at the center
of gravity. In general, a glider has a plane of symmetry,
which in normal steady flight inoludes the direction of
motion. For convenisnce, we will choose axes as follows:
The X-axis is taken in the plane of symmetry in the direc-
tion of the relative wind during the steady flight condi-
tion, the Y=-axis perpendicular to the plane of symmetry,
and the Z-axis in the plane of symmetry and perpendicular
to the X-axis. Rotation about the X, Y, and Z axes
are denoted by the angles ¢ » 6 , and V , respectively,
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and angular rates of rotation about these axes dy p, 4q,
apd r.

We may ordinarily consider the motion of a glider
divided into two indspendent types of motion. One type
inoludes motion that does not displace the plane of symmetry
of the airplane, called longitudinal motion, and the stabil-
ity of motion in this plane is termed "longitudinal stabil-
ity". The other type of motion inoludes all components
that do displace the plane of symmetry, called lateral mo-
tion, and the stability of this motion 1s termed "lateral
stability", The longitudinal stability of homing glide-
bombs is discussed in detail in reference (1), and will
not be considered further here. The present discussion
of lateral stability refers principally to gliders in which
the aileron is the only lateral control surface, although
the discussion of stability with fixed control surfaces
applies equally well to gliders equipped with both rudder
and ailerons.

The stability characteristics of a glider are studied
from the stanipoint of the motion obtained from small dis-
Placements from a state of equilibrium. Under equilibrium
conditions the glider flies in a straight line at constant
speed with the plane of symmetry vertiocal, - wings level.
The resultant air reaction lies in the plane of symmetry
and passes through the center of érav:lty. Let us define
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the following quantities:

= angle between flight path and horizontal
= angle of roll

= angle of yaw

= angular displacement of ailerons

= weight of glider

mass of glider

= yelooity along X-axis

= velocity in Y-direction (side slip velocity)
= gir density

= wing area

= wing span .

s foroe along Y-axis (lateral foroce)

= moment about X-axis (rolling moment)

= moment about Z~axis (yawing moment)

% 60 "M o 0 4 9B F o €9 «
]

P = %%’ = rate of roll

T = %-g = yrate of yaw

A = moment of inertia of glider about X-axis
= moment of inertia of glider adbout Z-axis

Q
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Ist us alsc define the following coceffioisnts:

- .___JL;E_ ' - X
% 1/2 p 8V % 1/3 p 8%
c - Y ﬁ s X
y mP? v

At equilibrium, the quantities L, N, Y, », r, ¢ ,
y » and v are all squal to zero.

Lot us now assume a small displacement from equilibrium,
ana determine the equations which govern the motion. In
oxrder to rsduocs the occmplexity of the problem to snable a
solution to be obtained without & prohibitive amount of
caloulation, the gol.].oving assumptions are made:

(1) Foroes and moments on lifting surfaces ars assumed
proportional to the square of the airspeed.

(2) TForces are unaffscted by angular velocitiss and
angular acoslsrations and moments by angular acoslerations.

(3) The glidsr is assumed symmetrical, and thus latsral
motions and longitudinal motions are assumed to be indepsnd-
snt,

(4) Ths combined effsct of two or mors forces -or mo-

ments is assumed proportional to the algebralc sum of the
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separate oomponents.
{5) The changes in aerodynamic forces and moments
due to & deviation are assumed proportional to the deviation.

(6) Secondary effects involving the product of two

small quantities are neslected.‘
(7) The principal axes of inertia of the glider are

assumed coincident with the reference axes,

The lateral equations of motion are given by:

m%-%fmvd = g%v+mgsin¢ cosf+mssin]lfsinf, (2)
2
P . L. L Ol 4L, .2
Adt VV+§-fp+ rr+§§3, . (3)
.
Y . oN oN N ON
ca}{ ﬁV‘frp-p“';—i:r*;Ja- (4)
et us define the following quantities:
J19 L 12L . 12L . 13L
L %5 L-iyx LtIx il
= 1N - 19N = 19N « 10N
Yot Ntegyx NUtw Ytea (8}
1Y
Y " adv
Remembering that ¢ and Y are assumed to be small
quantities, equations (2), (3), and (4) become:
%%--V%.‘tl'ffvv*«(gcosr)eﬁ +(gsin¥)y. (8)
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ﬁ%"'v"’p#"zﬁgﬂa" (8)

Iat us assume that v, ¢ , ¥ , and é vary with time
acoording to laws of the form:

Yo% em (At), ¢ =Goxp (A1),
V=¥ e (At), S edex (d¢) | (9)

and determine what values of A will satisfy the above equa-
tions. The stability of the various motions will be deter-
mined by the nature of the values of A that satisfy these
equations, If A is positive, small displacements in these
quantities will continucusly increase with time, and the
motion will be unstadble. If A is negative, small displace-
ments will deorease with the time, and the motion will be
stable. If A 1s ccmplex, the motions will be oscillatory,
with inoreasing or decreasing amplitude depending upon
whether the real part of A is positive or negative,.

If we subotitute the values of v, ¢ , ¥ , amd &
given by equation (9) into equations (8), (7), and (8), we
obtain:

(A-Y)v-(goosr)p + (AV-gstar)y =0 (10)

CONFIDENTIAL



wf

CONFIDENTIAL

ey L
=Lv+ A8 -AL ) ALy - 18 =0 | (11)
- Ny =AM ¢+ (UB AR Y - Ny =0 (12)

Here we have three equations involving four variables,
since we so far have made no mention of the variation of J
with the time,

2. Stability with Fixed Contro aces
If we assume fixed ocontrol surfaces, we set J equal to
Zero, and we have three equations in three variables., To
determine what values of A satisfy the above equations, it H
is only necessary to determine what values of A make the fol-
lowing determinant vanish.

A-Y' - gcosy AV = g siny

- I, AR =1 - AL, =0 (13)
2

- N - Anp A% - Anr

Solving the above determinant, we obtain the following
equation for 4 :
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AP+ tom - g - T U (R -ty ¢ 2T, ¢ KT, @ WMS
* (-Lplr!' + r.,a’r' I, 8 ooy - N, &8 sin’y + ﬂblp - V'I,I'Ma
(1¢)
+ (LN, g oosV ~ LN g cos¥ = LY, e sinr+ LU ¢ smnv)d =0

This equation may be written in the form:

FULES LY. FLES YLES VIR PN (15)
where
A =1
Brel-%-1,
C = I, = LN + Y, (I +N,) + VN, (18)

D = (I&N’ - !.’lr) Y, ~L,gcosr-N gsinr+ V(I.'!l’ - Ibll')
B o= (LF, - LA, )g cos¥+ u‘y"v - Lv’p" sta ¥
F =0

The determination of the values of / whioh satisfy
oquation (15) depends in general upon the solution of a fifth
degrees equation. Since in this case, one root is zero, it

reduces to a fourth degree equation. The values of the above
quantities for a conventional type glider are such that the
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roots of equation (15) are one pair of conjugate complex
roots, two negative roots, and, of course, one zero root.
In general, the real parts of all the roots wili dbe negative
ocorresponding to a stable ocondition if all coeffioients are
positive and Rouths' Disoriminant (BCD-D®-BE) is positive.
Iet us now investigate which are the important terms in
the equation in A and thus show how the nature of the solu-
tions depends upon the values of the aerodynamioc coefficients
involved, In C, the gquantity VN' is large compared to
the other terms present, and in D, the quantity
V(I.Jp - I”N‘,) is large compared to other terms. Lt us,

then, for the present, negleot the other quantities involved
in these tvvms, and let C and D be given as follows:

C = W, D= v(:.,np - ‘y}‘v’ (17)

In genercl, C and D will be large compared to B
and E. lst uz assume then that we may approximately reduce
equation (15) to the following form:

A2+ a-PA +c][ A+ §I[A + B4 =0 (18)
Multiplying, we obtain: |

A%+ +fUt + [c+B(n-P+ FJA® (19)

s+[+F{c+FE-FUI2+2d =0
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Thus, in order that equation (15) may de approximately
represented by an equation of form (18), the following rela-
tions must hold:

3)§ opP(E-§ +%. p» B (20)

In general, the values of the aerodynamio coefficients
for normal flight conditions of airoraft type missiles are
" such that these conditions are satisfied. Inserting the
values of B, O, D, and E in equation (18), assuming
the approximate values of C and D given by equation (17),

we obtain: \
[A% + (e -7, - -I'il;!)A s ][ A+ Hﬁour
-§onr][ 4 -:bd'ét]zl-o (81)
With these spproximations, A 1s given by:
Ay - _:}nn

v

Ay - - Sl (P nT) L SpE (32)

As.i-iwr*!v*%)tt/wv"*mr’!v"%)a

As = 0
CONFIDENTIAL




e —

CONFPIDENTIAL
*1l= |

Thus, Vv, ¢ , and ¥ oan be represented by equations
ofi the form

SRR LSS o
e e (). )
vopemp ey, v .’-y,‘.:n,} (23)
coo{Vm, pon, o3, + 57 0}

+cs

where cl, cg, ca, c‘. am 05 are arbitrary constants,
which have values depending upon which of the quantities

v, ¢ , and ¥ 4is deing represented, and the particular
boundary conditions for that quantity.

In general, the first term above represents a rapid
subsidence, whose rate is a function mainly of Ib’ the
roll damping term. This 1s the most important term in roll
motion,

The second term is a slow subsidence or divergence whose
rate depends primarily upon the magnitude of I.'Jlr compared
to !.rll'. and upon the glide angle /' . This term determines

the spiral stability oharacteristios of the glider; if the
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exponent is negative, thé glider is spirally stable, if
positive, apirally unstable., In general, I.'llr is larger
than Lrnv’ and spiral stability is obtained t:l.thou_sh the
stability is always small. As seen from the second term of
equation (23), spiral stability is inoreased greatly at ateep
angles of descent (sin)-- -1). _

The third term in equation (83) represents an osoilla-
tion whose period is determined largely by the term VN,
and is given approximately by T = 87 //VN,. As 1s to be
expected, this period depends mainly on N'. the yawing
moment Que to sideslip, and the damping depends mainly on
the term l!r. the yp.wi.ns moment due to rate of yaw. These
are the main f-em in the yaw motion. The constant 05 ooours
because of the faot that in a non-homing missile, the zero
point for measuring angle of yaw is arbitrary; there is no
preferred direotion in space.

3. Stability of SWOD Mar) Mark Stabilizers
The following is a table of values of the lateral oco-
efficients appliocable to the SWID gliders:

Mepk ]2 = Mark 13

¥ (1vs) 900 1500
8 (rt?) 18.3 244
b (£t) 8.4 10
A (1b £t seo®) 23 45
C (1b £t sec?) 75 200
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- .20L

= «,l?

36
o0
G

ocC
.———&- - .17

o0
—g - -

The values of W, 8, b, A, and C are measured
values determined at the National Bureau of Standards. The

values of ac‘ ’ a0 ’ ac; given in the table were obtained
[ 5# o8
from a wind tunnel test at the California Institute of Tech~

nology of an early model glider somewhat similar to the
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Mark 12 glider (reference 3). However, sinoe there are
some marked differences between this model and the present
Mark 18 and Mark 18 gliders, these values should be consid-
ered as only approximate. From page 20, table 3, of refer-
ence (8), the following values are given:

;—%‘ - .003 ;_c# -=.008 , (24)

and from figure 18 of reference (8), we obtain

o0

3—# - .010

vhere c° is the crosswind foroe coeffiocient, whioh for
small angles of yaw may be considered equal to cy, the
lateral foroe coefficient. The values of the damping terms

oCp 30‘

gk TR T

are estimated by the methods desorided in references (3) and
(4) and should be considersd as only very epproximate.

Let us sudstitute the above values into the atadility
equations for a typical oondition of flight of Mark 13, with
fixzed controls in pitch. Assume GI. = .3, which corresponds
approximately to an average position of the elevons of 10° up
from neutral. At equilibdrium this gives a velocity of flight

CONFIDENTIAL




CONFTIDENTIAL
-m-

at sea lovel of V = 415 f£t/sec.

Under this condition of flight, the following quantities
have the values listed balow:

V = 415 £t sec™l

f = =]12,5°

I,-s—.;-;-‘%j 'i-qivg.--&.ogeo-l \
I,-'ai(:‘g; * i—pxme = +0.8 seo”!

Ly = "§£L * Lﬁriﬂ = 20,5 £t~ peo~! (25)

1
NP--a_(E'—%; . I_%SLbf = -0.03 sec”Ll

- ac -
Nr —5@ i—%ﬂ ® -0,8 sec 1

¢ .

N' = ——a-ag— b L%m s +0,.1 rt-l ”c-l
oc .

Y, - —3—;‘1- ’ m = -0.15 sec~1
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Ist us now substitute these values into equations (16),
and thus determine tbe coeffiocients in equation (15) for A
We thus obtain the following equation for A @

A% 4 ¢.754% + 44.64% + 180.04% + 9.824 =0 (26)

Ay = =t38 A, = -.053

(27)
Ay, ¢ = =278 & 6,881 Ag =0

11 represents & rapid sudsidenoce which corresponds to

the high demping ia roll. |, is a slow subsidence determin-

ing the combined roll end yew spiral motion. A, ama [
are a pair of conjugate complsx roots whioh represent a damped
oscillation in yaw,

If we put the values of the constants in equation {25)

in the simplified expressions given by equation (21), we od-
tain:

(A+ u28)(A+ ,057) (A%« 64 +42.5) =0 (28)

Ay = =4.15 Az = = 087 ‘a. o " =030 2 644l (29)

These values are a fairly good approximation to those

given by equation (27), exoept for the damping of the yaw
oscillation.
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4. lateral Oontrol System of SWOD Mark 7 and Mark 9

In the case of homing gliders, that is, the case where _
the control surfaces are moved in such a way as to direct the
glider toward a target, the manner in which the control sur-
faces are caused to move in response to the homing signals
depends upon the characteristics of the particular servo-
mechanism used. It is not possidble to compute the effect
of a general functional relation, and to consider all possidble

specific relations which have been used as a dbasis for servo-
mechanisms., We will consider here 6nly the case of the lat- . |
eral control system used in SWOD Mark 7 and Mark 9. The . _
complete theory, teking into account the off-on 1ink detween .
the gyro and the servo, time lags in the servo, time lags in
the homing control, and the qomplete set of lateral stabil-
ity equations would be a very unwieldy calculation, and it
is thought that by treating these various factors separately
as to their effects, the di_souuion mey be made clearer.

The gyros and servos used in SWOD Mark 7 and Mark 9 are

discussed in references (5) and (6). Lateral stabilization

is obtained through the "turn gyro”, which is essentially a

rate gyro squipped with electromegnet coils and electrical
contacts. The electromagnets are connected to apply torques

to the gimbal frame whioh are proportional to the error angle

in yaw as obtained by the homing device. The electrical con- e
tacts are arranged on opposite sides of the gimbal frams so
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that one contaot or the other is closed, depending upon the
aign of the sum of the torque applied by the electromagnets
and the torque due to precession of the gyro wheel. Closing
of a contact causes the servo to move the ailerons. The gyro
1s mounted in the glider at an angle 80 as to de sensitive
%o both roll and yaw,

It was assumed in the derivation of the equations of
motion that the principal axes of inertia of the glider were
coincident with the reference axes. In general, this is not
true, for in the case of SWAD Mark 7 apnd Mark 9, the roll
axis under normal equiliberium flight conditions is inoclined
to the direction of the relative wind dy adbout 3. This
difference has only a very small effect on the stability
ocaloulations for free flight, but must be taken into account
in the case of homing flight.

'smoo the flight path is on the average toward the tar-
get on a tMueo homing course, the error angle as measured by
the homing device will differ from the exror angle referred
to coordinates where the X-axis is in the direction of the
axis of roll by an amount given for small angles by the fol-
lowing equation:

W"" y-8¢ (30)

where /' 413 the error determined by the homing device,
1}1 is the error angle, referred to coordinates with X-axis
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along the roll axis, ﬁ is the angle betwsen the roll axis
and a line from the glider to the target, and ¢ 1is the
angle of bank,

Ist of 1represent the angle the axis of the gyro makes

with the axis of roll. Iet ¢ represent the rate of yaw in
degrees per second that produces the same torque on the gim-
bal frame as an angular error of one degree. The particular
contact on the gyro which is closed depends on the sign or_
the quantity O defined bi

W «8¥+ tana g.gm(w-ﬁsb) (21)

when « 1is positive, that contact on the gyro will be
olosed that ceuses the servo-control unit to move the ailerons
differentially at a constant speed to produce a rolung' moment
to the left; when « is negative, the other contact will be
closed, causing the allerons to move at constant speed to
give a rolling moment to the right. Thus the movement of
the ailerons is always in such a direction as to reduce the
value of ) to zero. A hunting motion is set up, the gyro
contacts alternately closing and the ailerons moving alter~
nately for right and left differential.,

If we neglect this hunting motion, and assume that «

is, on the average, zero, we have

%+%€tmw+ov-po¢ -0 (22)
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If we neglect the sideslip motion of the glider and
aesume, for the moment, that equilibdrium of forcee always
exiete along the lateral axie, equation (6) reducee to:

0 --vg-t(sooar)f +(gein¥)y. (33)

In generdl, Y is sufficiently small so that the term
involving sin{ may be neglected in equation (33) and
coed set equal to unity. Equation (33) thus becomes:

H-8¢. (34)

Substituting equation (33) and its time derivative in
equation (32), we obtain:

3 el (oL - seagme )
+ (1+Etani;n):gcoa)’w -0,

If we use the simplified equation (34), which neglects
terms in sin ¥ and tany , and assume ocosy equal to

(35)

unity, we obtain:

f—g+%¥(v1§ﬁ--ﬂ%) + PP =0 (36)

at
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This equation has the following approximate solution:

Y = Y, exp (— m:n (6 -ﬁo)) oos( V—-v-t%g-ztd- e) . (37)
This equation represents a damped oscillation in yaw.

It is seen that the damping is influenced considerably
by the value of Sc. The effect of this quantity, in general,
is to reduce the damping. If the line from the glider to the
target is below the roll axis ( @ positive), the damping of
the oscillation is decoreased; if it is above the roll axis,
the damping is increased. As discussed on page 18, the aver-
age value of 8 for SWOD Mark 9 is about 3°. & occurs in
tho_ demping term multiplied by ¢, the ratio of the rate of

turn of the gyro to the error angle. The effect of 8 on
the damping is thus emphasized by a large value of c. In
the case of high sensitivity homing information, that is, a
large signal for a small error angle, the damping may becoue
negative, and the oscillations become undamped and increase
in amplitude to a limit where the homing information saturates
on each oscillation and these assumed esquations no longer hold,
Let us assume typical velues of the constants in this
equation. Let & = 20°, 8 = ,05, 6= 5, V=415 rt/sec,
we obtain:
V= V¥, exp (-.203 t) cos (.326 t + € ), (28)
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This shows that an oscillation in yaw should ocour with
a period of about 15 seconds and damping to l/e of its
initial value in about 10 seconds.

Although this simplified theory prediots quite closely
the period of the oscillation in yaw actually obtained in
flight, the predicted damping is not obtained, and sustained
hunting of about this period and of an amplitude of about 4°
is obtained., In order to inorease this damping in yaw suf-
ficiently, a bias gyro has been added to the control systems
of SWOD Merk 7 and Mark 9. This 'gyro is similar to the turn
gyro except that it does not contain the electromagnets, but
only ocontacts, one or the other of which closes, depending
upon the gsense of the rate of turn. Its design and operation
are degoribed in detail in reference (5). This gyro is mount-
ed in the glider along the average roll axis so that it will
be sensitive chiefly to the yawing motion of the glider. Roll-
ing motion will affect it slightly ‘because the axis of roll
does not remain fixed for all conditions of flight.

The bias gyro is connected in the cirouit of the turn
gyro so that when the rate of yaw of the glider is to the
Tight, the right coil in the tura gyro is shunted by a resistor,
and when the rate of yaw is to the left, the left coil in the
turn gyro is shunted. The effect of the shunting ocurrent in
the colls is shown in reference (5), figure 1l. It is seen
that a blas is given to the signals put into the electromagnets
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in such a direction as to oppose the yawing motion of the
glider, and thus increases the damping of the yaw oscilla-
tions. Experimentally, it has been found necessary to use
this blas gyro to obtain suffiolent damping in yaw,

Figure 1 chows a typical flight of SWOD Mark 9. The
ourve labeled "Apparent Horizontal Motion of Reflector® shows
that an osoillation in yaw of period of about 20 seconds ias
evident, but is of very small amplitude.

Obviously the reason the damping prediocted by the sim-
plified theory above is not obtained is due to the approxima-
tions made, which, in effect, neglect the effects of sideslip
veloocity, the time lags present in the homing signals, and
the roll hunting motion involving time lags in the gyro and
servo systen.

Lat us now consider the effect of time lag in the homing
intelligence. The homing intelligence has a time lag whioch
is equivalent to that produced in an RG oirouit of time
oconstant of approximately 0.3 second. If we assume that
the homing information has a lag corresponding to an RC
cirouit, equation (32) becomes

%-g + *g tane + o oxp (- ie) .‘Lﬁ-ﬂ .xp(f'w)dt = 0, (39)

Combining this equation with equation (34), we obtain:
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- (redar o &) 8Y - wi=)
- 852 - wl - fd=

(40)
+ wheme - O

It RC is zero, this reduces, of course, to equation (368).
If we substitute the values of 8 , o, o , and V used
in equation (38), and in addition let RC = 0.3, equation
(40) becomes:
3 2
¥+ 255 8%+ 0o G + 355y = 0. (41)
at at

Solving, we obtain:

¥ = ¥, exp (-2.28 t) + Va oexp (~.086 t) cos (324 t + € ). (42)

It is seen that the period of the oscillations is virtu-
ally unchanged, but that.: the damping is deoreased adbout 20
perocent. Sideslip effeocts and the hunting in roll with its
various time lags involved are still neglected.

To inveatigate the effect of sideslip velocity, let us
now consider the general stability equations, with an ideal
servomeohanism, where the differentisl of the allerons d ,
instead of increasing or deoreasing at a constant rate depend-
ing upon the sign of « , will actually be proportional to & .
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Thus let us write

d = Kw= & (%-g'f %-? tanot + cl/f - po¢) (43)
If we assume J 1is given by an expression of the type

3 - JL oexp (At), we may write equation (43) as follows:
S+k(Atanx = Bc) +K(A+c)f =0 (44)

Combining this equation with equations (10}, {11), (12), the
values of | which satisfy these four equations are those

that make the following determinant vanish:

A -Y, -g cos ¥ AV - g sin¥ 0
-1 12 - AL - AL -L
v P T 4o (45)
2
-N_ -Aup A2 -AN, -Ng
0 K(Atanx -8c) K (A+ ¢) 1

Solving the above determinant, an equation of the fifth
degree in A with 55 terms is obtained. This may be written
in the form given by equation (15) with coefficients given in

the following table:
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A =1,
BN -l -Y, +x [N +Ls tena],

C = I N, - LN +Y, (L +N)+VN +Kg [-N tana

-pe + N, - Y tamt} +KN.;[I-, tan - L, + o 'Yv]’

(=
[}

Y, (-I’,Nr + Ierp) - L,goosy=-N_g sin¥? + V (I.va - I’,N')

+KLy [Se N +o N +NY tanw +@eY -N7Y

(46)

+ W tanac]+ KNg [-@e I, - o L - LY tanx
+LY -0 - VL tenax],

E = (LN -LN)gcosr + (-L'Np + LpNv) g sia ¥
+ rx.,;[-pe N, -oNY +N gcosr -@o W,

- (N, tan«) g sin¥]+ KNg [Bo LY + o1y,

-L goos¥ + Bo VI + (L tan«) glinf],
) ) -KI.J[c N'gcoa)" +pc Nvglin)’] +KN6- L- cl.'g cos ¥y

- o Le sin¥],
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Let us now substitute values for the coefficients in
this equation for the typical flight condition given by equa-
tion (25). We need values for the additional quantities
Ls, Ng, K, oo ,-and @ . From wind tunnel tests (ref-
erence 2), we may take g-;'f- = .072, which gives Lj = 80.

We will assume for this flight condition that no yaw moments
are produced by the allerons, that is, Ny = 0. let K =5,
o =20° end @A = ,05, which are typical values, -The equa-

tion for A becomes:

A% +150.4A% + 128,142 + 622942 + 9534 + 822 = 0. (47)

This equation has the following approximate roots:

Al - -149.8 , Az' g = -225 & 6,430 ,

(48)
Ay, 5 = —e0765 % 3161 .
Comparing this result with the free flight results, equation
{27), we see that instead of two subsidences, a damped oscilla-
tion, and a zero root, we now have a very rapld subsidence
and two damped oscillations. The roots A 2 and ‘3 rep~
resent the natural yaw oscillation similar to that for the
free flight condition, and whose period and demping are main-
ly a function of the aerodynamic constants. The roots A 4
and A s Tepresent a damped oscillation whose period and
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demping depend primarily upon the constants o and C
assumed for the 1deal servo system. The period of this
oscillation is about ths same and the damping somewhat less
than that obtained from equation (28), in shich sideslip
velooity was neglected. While the effect of sideslip is
sometimes taken into account by introduecing an "aerodynamic
lag® in the simplified equation, it is important to note
that there 1s no evidence of a true aerodynamic lag when
the camplete equations of motion are used.,

By examination of the solutions of equations (36), (4Q),
or (45), it is seen that the damping in yaw should increase
as o Jecreases. If we let o = 0 in equation (36), we

obtain:

&y, _o¥_ ., (49)
L .B8e¥
(1

Solving for ¥ , we obtain:

V= VY, exp (‘I—"%ﬂ) . (50)
"7

This equation .aows that the yaw oscillation should re-
duce to a subsidence when o = 0, However, if we let & = 0
in equation (46), which takes into account sideslip velocity
effects, we obtain the following equation for A @
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A% + 4150 + 22.6 A% + 173.742 + 8514 + 622 = 0,
which has the following roots:

Ay=-wom1, A, 5= -4.08%2490 ,

,(4’ g = ‘214 2 5,160 .

We obtain the rapid subsidence, the damped natural yaw
oscillation as in the case ot = 30°, but now ,(4 and
A 5 represent a rapidly divergent oscillation, and thus an
unstable condition results. At some small value of o ,
the real parts of the roots '{4 and I{'s change from
negative to positive, change the oscillation from a damped

one to a divergent one.

5. Roll Stabilization System
In order to study the effects of the roll hunting mo-

tion on the lateral stability, a more detailed discussion

of the roll stabilization system will be given, taking into
account the off-on character of the link between the gyros
and the servo-clutches, and the time lag in the responée ot
the servo. let us assume that the glider is flying straight
and level, that the hunting motion in roll has reached a
steady state condition, and that the motion 1is periodic.

(51)

(52)
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Negleoting the effects of rolling moment due to rate of yaw,
and rolling moments due to sideslip velooity, equation (7)

for the motion in roll becomss:

-:;%- L, # +149. (53)

At time ¢ = 0, Jet the rate of roll p equal Pys the
angle of bank ¢ equal ¢,, and the rolling acceleration
produced by the ailerons equal to Lg %-g t1. Let us de-
fine K = Lg %g, and thus K becomes the acceleration in
roll produced by the amount of differential on the ailerons
developed by the servo in moving the ailerons at constant
speed %g for one second.

At the instant t = 0, the ailerons start to.move dif-
ferentially with a constant speed and in such a direction
ag to reduce the ro’ling acceleration. At time t = f‘l' it
i8 sacil; seean that the rolling acceleration will become zero,
and at t = atl, it will become equal in magnitude and oppo-
site in sign to its value at ¢ = 0, At ¢t = ztl. it is
assuged that the direoction of motion of the ailerons reverses,
so that at time ¢ = 3%,, the rolling acceleration is again
reduced to zero, and at t = 41:1. is equal to its value at
¢t = 0. Thus a periodic hunting in the aileron motion is ob-
tained of "saw-toothed" wave form, and with a period 4%,.
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The aileron differential & as a function of the time is

shown in figure (2)
VWile may express the motion in roll between t = 0 and

t =2t by the equation:

2
u = d - .
if-1 a.g + Kb, - Kt (54)

Solving this differential equation for p and ¢ ,
including the initial conditions that p = p,, and ¢ = ¢1,

at t = 0, we obtain:
p = - ,}{; [, (2 - exp (i.pt)) -t -%_—p- (1 - exp (Lpt))]

*+ pyexp (Lpt) s (55)

2
(l-exp (Lpt)) -%"-—-{‘;

{56)
Py

4
T;
el B -

At t = 2ty, let p=p,, and ¢ = 4:2. Then p, and
(P 5 Will be given by the followdng equations:
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’a'i‘,[ﬁ*};ﬁ—:%—g—%&g]’ (57)
4‘;’%[&+{;8—:—§§—3—:’%i))]. (58)

Since we have asssumed a steady state condition, the values

of p am ¢ at t = 2t, must be equal in magnitude and op-
posite in sign to their values at ¢t = 0. Putting p1 iy

amd ¢1 - '4’3» we obtain the following equations for p
and ¢ : '

p--f;[tl-t-t lre ia.,;)'a' ( t))], (59)

¢ - -’-‘1-5 [t (1-5t1)+kg§5-t1

. }_; (%WM)J' (60)

Iet us assume that there is a time lag At between the
time the apguler velocity to which the gyro is sensitive
(g-t + -g-f tanot )} 4s reduced to zero and the time the ailerons
reverse their motion. This time lag includes the time it
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takes for the gyro _oonf;aots to reverse, the servo clutches

to engage and reverse the direction of motion of the allerons.

If reversal of the aileron motion takes place at ¢ = ztl,

the angular velocity to which the gyro is sensitive must

reduce to zero at time ¢ = 2t; - At. Let the values of p

and ¢ at this time be dencted by p, and ¢,, which are

glven by the following equations:

(L, (2%, = t)) (2L t

pz--ﬁ[-t1+dt-.1q(l-20§ R 1+e_12 2(1))_]’
61

bo- T [ -y oo n b

+ %‘; (1 - 2 exp §£2+ :i:l ; t))1+ exp (82215]))].
(62)

Since at time t = 2t; - 4%, the angular velocity to
which the gyro is sensitive is reduced to zero, we have the

following relation:

%{+§%th = 0 at t-ztl-dt. (63)

If again we neglect the effects of sideslip velocity, we may
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make use of equation (34), and thus ws obtain the following

relation between p, and ¢ 3

6¢3*(tm“)P3-o.

Due to the high damping in roll, the texms exp (2 Lptl)
and exp (Lp (2 tl -At)) are negligible ecompared to unity for
the observed values of tl and At, and will be neglected

in what follows. Substituting equations (60) and (61) in

equation (64), we obtain:

K& at® ]
n; [tl ~ Lotyat - 4t + -z—{-t

+ K_tana(. -t, +at -

11;] - 0.

Solving for tl’ we obtain:
2
ot - -+ v R (ot - 1, 4 - £
1+ W (1 - I? At)

tl'

It is seen from the above equation that for values of
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o such that vq-e-ar<<1, the period of the roll hunt

is ietermined chiefly by the damping acaeleration in roll
I.p and the time lag At. The amplitude of the roll hunt
from equation (60) is seen to be a linear function of the
period and directly proportional to the ratio of the rolling
acceleration produced per second by the elevons. Thus to
keep the roll amplitude small, time lags in the gyro and
servo units must be kept to a minimum, and the rate of ap-
plication of restoring moment small.
As o takes on smaller and smaller values so that

= Y becomes of the order of unity, the denominator
in equation (66) becomes very small, increasing the period
and amplitude of the roll hunting motion, until at the value

of o determined by the equation

v (ii +4¢) = 1, (87)

the denominator of equation (66) becomes zero, and the hunt-
ing motion becomes unstable.

Ist us substitute appropriate values of I.p, &g V, o,
and At for SWOD Mark 9, and determine the resultant values
of the amplitude and periocd of the roll motion. Let us use
the values of I.p and V given by equations (25), and, in
addition, set & = 20° and At = 0,1 second. Substituting

these values into equation (66), we obtain tl = 0,35 second.
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Thus the roll hunting motion should have a period

o= 4t1 = l.4 second. The amplitude will bo'apgr_o_x_imately
given by ¢ ,, which has a valus of 0,095 radians’ or

S« degrees., These calculated values oh&c%
experiment as is seen by referring to the curveypf figure
(1), showing the angle of roll as a funotion of the time
for a typical flight of SWGD Mark 9.

From equation (67), the smallest value of & that may
be used before the motion becomes unstable is adout 3.5°,
This equation, however, neglecta rolling moments due to
sideslip and to rate of yaw which, if taken into acscount,
have the effect of inoreasing this minimum angle.

6. Model Tests of Lateral Controcl Syastem

To study the effect of time lags and speed of the servo
eystem on the roll hunting motion, & mechaniesimwimsbeto
represent equation (53) was constructed. A photogreph of
the model is shown in figure (3). It oconsiats of a table
free to rotate about a vertical axis, and carries the "turn
gyro® used in the control system., On the same axis is a
oylinder whioh rotates inside a concentrio cylinder with
a snall separation. The space bstween the cylinders is
f£illed with o0il to produce viscous damping of the motion
of the table. 3ince the spacing of the oylinders is small
and the oil is sufficiently viscous, the damping force is
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quite acourately proportional to the firat power of the
angular velooclity of the table., A cord is wound around the
shaft whioh supports the table, and each end is connected

to a spring. The other ends of the springs are connected
by cords around pulleys to the servo arms. Thus, if we neg-
lect the amall spring displacement caused by the motion of
the table, the torque applied to the table will be propor-
tional to the displacement of the servo arms and to the
constants of the springs. If the ratio of the torque ap-
plied per radian displacement of the servo to the moment
of inertia of the table is made equal to the value of Lg
for the missile, and the ratio of the damping torque to the
moment of inertia of the table is made equal to the value
of I.p for the missile, the motion of the table will be
governed by equation (53). If the "turn gyro" mounted on
the table is conneocted to the servo, as in the missile, a
hunting motion will be set up simulating the roll hunting
motion of the glider. Some records obtained with the model
are shown in figure (4), whioch were taken to study the effect
of time lag in the system and rate of movement of ailerons
on the amplitude of the roll hunt. The results are in ascord
with the theorstical treatment above.

The Servomechanisms Laboratory of the Massachusetts
Institute of Technology, in connection with the development
of an alternate control system for SWOD Mark 7 and Mark 9,
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construoted a device to simulate the roll and yaw motions
of a glider. A platform was arranged so as to-be free to
rotate about a horizontal axis (representing roll motion) and
to be driven in rotation about a vertical axis. A torque
motor and generator were connected to the roll axis, and
synchros attached to the armd of the servo under test. ZXlec-
trical cirouits were arranged so that a torque was applied
about the roll axis proportional to the differential ais-
placement of the ailerons and to the rate of roll, with
proper constants of proportionality so that the motion in
Toll would be represented by equation (53). The platform
was driven in rotation about a vertical axis at an anguler
velooity proportional to the angular displacement about the
horizontal or roll axis, and the oconstant adjusted so that
its motion would be represented by equation (34). All
effeocts due to sideslip and the oross derivatives I‘r and
llp were negleoted.
The turn and bias gyros and antenna system used in

SWOD Mark 7 were mounted on the platform amd a beacon for
homing signals placed at a distance from the platform. The
system was operated so that the lateral motions of the glider
in £light would be simulated. Records obdtained of the angle
of bank ¢ and the angle of yaw ¥ of the platform as =
function of the time for various adjustments of the control
system are shown in figures (5), (6), amd (7). Im all records
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shown, the platform was initially set 5¢ off the axis of
homing. The vertical scale for ¢ is four times that for | .

Figure 5 shows a series of runs in which the angle of
the gyro is varied from 2.5° to 20°. For 2.5° the motion is
unstable, as predicted by the roll stabilization theory in
section 5, the platform hitting its limit stops during the
test, The value of 15°* found to be most satisfeotory from
flight tests is somewhat larger than the best result from
the model tests, the difference being due to the terms neg-
lected in the equation governing the model teasts.

Figure (6} shows a series of runs in which the angle
designated as |, , which represents the minimum error angle
that produces saturation of the differential amplifier which
feeds into the turn gyro coils, is varied. This, in effect,
is the same as varying the value of ¢, the rate of yaw in
degrees per second that produces the same torque on the gim-
bal frame of the gyro as an angular error of one degree. The
value { = 6° was found most suitable from flight tests,
and this value is seen to be satisfactory by this model test.

Figure (7) shows the effect of the bias gyro on tfm
demping of the yaw oscillations. If a bias gyro is not used
(R = ©Q), sustained oscillations in yaw are obtained both in
flight tests and in the model test. The most suitable value
for the blasing resistor determined from both rlight.tests
and model tests was found to be about 5000 ohms,

April 12, 1946
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8725 JOHN J. KINGMAN ROAD, STE 0944
FT. BELVIOR, VA 22060-6218

B8 a3

SUBJECT: OSD MDR Case 12-M-1571

At the request of |||} ]l v < have conducted a Mandatory Declassification
Review of the attached document under the provisions of Executive Order 13526, section 3.5, for
public release. We have declassified the document in full. We have attached a copy of our
response to the requester on the attached Compact Disc (CD). If you have any questions, contact
me by e-mail at storer.robert@whs.mil, robert.storer@whs.smil.mil, or robert.storer@osdj.ic.gov

or by phone at 571-372-0483.

Robert Storer
Chief, Records and Declassification Division

Attachment:
CD





