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Preface 

Tb« work desoribed In this report is pertinent to the 

projects designated by the War Department liaison offioer as 

AC-1, AC-36, and AO-48 and to the projeots designated by the 

Navy Department Liaison offioer as 50-115, NO-174, and H0-S95. 

This work was earried out and reported by National Bureau of 

Standards under a transfer of funds from OSRD with the co- 

operation of the Washington Radar Group of the Massachusetts 

Institute of Technology and Seotion Beig of the Bureau of 

Ordnanoe, Navy Department« 
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Preface 

The work described In this report la pertinent to the 

projects designated by the War Departnent Xdalaon officer aa 

AO-1, AC-36, and AO-48 and to the projeota dealgnated by the 

Ha*y Departnent Lialaon offloor aa HO-115, SO-174, and N0-S35. 

Thla work waa oarrled out and reported by National Bureau of 

Standarda under a transfer of funds from OSRD with the co- 

operation of the Washington Radar Group of the Massachusetts 

Institute of Technology and Seotion Beig of the Bureau of 

Ordnanoe, Navy Department« 
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LATERAL STABILITY OF HCMINO OXIDE-BOMBS 

WITH APPLICATION TO NAVY SWOD MARK 7 ABD HARK 9 

1. Lateral Stability Equation« 

The notion of a gilder in flight ia determined by two 

factors, tha aerodynamlo foroea and momenta due to the re- 

aotion of the air on Tarioua parts of the glider, and the 

foroea and momenta due to grarity. The resultant of the 

gravitational foroea may be represented by a foroe equal 

to the weight of the glider acting vertically downwards 

through the oenter of gravity. The resultant of the aero- 

dynamic reaction is thereby conveniently represented by 

three mutually perpendicular forces acting through the 

oenter of grarity and three momenta acting about these 

three mutually perpendicular axes which meet at the center 

of gravity. In general, a glider has a plane of symmetry, 

which in normal steady flight includes the direction of 

motion. For convenience, we will choose axea as follows: 

The X-azia ia taken in the plane of symmetry in the direc- 

tion of the relative wind during the steady flight condi- 

tion» the Y-axis perpendioular to the plane of symmetry, 

and the Z-axis in the plane of symmetry and perpendioular 

to the Z-axis. Rotation about the I, Y, and Z axea 

are denoted by the angles <b  ,  &  ,  and \j/  , respectively, 

-1- CONFIDENTIAL 
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angular xatee of rotation about theae 

r. 

•*•• *y p» a» 

Wo may ordinarily eonaidar the notion of a glider 

diTldad into two independent types of motion. One type 

lnoludaa motion that doaa not diaplaoe tna plane of symmetry 

of the airplane, eallad longitudinal motion, and the stabil- 

ity of motion in thia plane ia termed "longitudinal stabil- 

ity" • The other type of motion inoludea all oomponenta 

that do diaplaoe the plane of aymoetry, sailed lateral no- 

tion, and the stability of this motion la termed "lateral 

stability". The longitudinal atability of homing glide- 

bombs is discussed in detail in referenee (1), and will 

not be oonaidered further here. The present diaouaaion 

of lateral atability refers prlnolpally to gliders in which 

the aileron ia the only lateral oontrol surfaoe, although 

the diseuaaion of atability with fixed control surfaces 

applies equally well to gliders equipped with both rudder 

and ailerons. 

The stability characteristics of a glider are studied 

from the standpoint of the motion obtained from small dis- 

placements from a state of equilibrium. Under equilibrium 

conditions the glider flies in a straight line at constant 

speed with the plane of symmetry rertioal, - wings level* 

The resultant air reaotion lies in the plane of symmetry 

and passes through the center of gravity. Let us define 

C ONFIDENTIAL 
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the following quantities: 

r 

t 
d 

w 

m 

V 

T 

1° 
s 
b 

T 

L 

N 

A 

C 

angle between flight path and horizontal 

angle of roll 

angle of yaw 

angular displacement of ailerons 

weight of glider 

mass of glider 

Telocity along X-axis 

velocity in 7-direotion (side slip velocity) 

air density 

wing area 

wing span 

force along T-azis (lateral foroe) 

moment about X-axis (rolling moment) 

moment about Z-azis (yawing moment) 

3g - rate of roll 

|| - rate of yaw 

moment of inertia of glider about X-axis 

moment of inertia of glider about Z-axis 

CONFIDENTIAL 
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Lit us also dsflas ths following coefficients: 

0L - 
1/8 f 1/8/o 

l/B/OS^b 1/B f> SV8! 
(1) 

/Ö 

At squilibrium, ths quantities L, N, Y, p, r, <p  t 

yr ( sM T are all equal to zero. 

Let us now assuas a small displacement from equilibrium« 

and determine the equations which govern the motion. In 

order to reduoe the complexity of the problem to enable a 

solution to be obtained without a prohibitive amount of 

oaloulation, the following assumptions are made: 

(1) Foroes and moments on lifting surfaces are assumed 

proportional to the square of the airspeed. 

(8) Faroes are unaffooted by angular velocities and 

angular aoeelerations and moments by angular accelerations. 

(3) The glider is assumed symmetrical, and thus lateral 

motions and longitudinal motions are assumed to be independ- 

ent. 

(«) The combined effect of two or more foroes -or mo- 

ments is assumed proportional to the algebraic sum of the 

0 ONFIDBNTIAL 
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separate components. 

(5) The ohanges in aerodynamic forces and moments 

due to a deviation are assumed proportional to the deviation. 

(6) Secondary effects involving the product of two 

small quantities are negleoted. 

(7) The principal axes of inertia of the glider are 

assumed coincident with the reference axes« 

The lateral equations of motion are given by: 

m S + mV S?  "   IT**10* 8in^ 008^ * "^ sln^ 8ln^ 

Let us define the following quantities; 

s-ifc 
p      0 dp 

r     *• dr v     A5T 
r    » 15L 

N    -l£ä N r     0 dr • 

(2) 

(3) 

(4) 

. 1 äN Hä . 1 dN |5i 

xv     m 3? 

Remembering that ^> and ^ are assumed to be small 

quantities, equations (2), (3), and (4) become: 

U - - v J| + YT v + (g cos r)<l>  + (g sin r) yr. (6) 

C  CONFIDENTIAL 
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d"^»*s»^ir*v d« 

& ",T"t# "r*f Hjrf 

Let ua UIOM that v, ^ , ^ , and <$ vary with time 

aooording to lava of the font 

y - r0 exp (At), 

V- % #xp (At), 

£ -0oa*p (At), 

(7) 

(6) 

(9) 

and determine «Hat raluea of A «ill satisfy the above equa- 

tiona. Tha atablllty of the various motions will he deter- 

nined by the nature of tha raluea of A that aatlafy these 

equations. If A   ia poeitlve, avail displacements in these 

quantities «111 continuously increase with time, and the 

motion will be unstable. If A  is negative, small displace- 

ments will deorease with the time, and the motion will be 

stable. If A is oosplez, the motions will be oscillatory, 

with increasing or decreasing amplitude depending upon 

whether the real part of A la positive or negative. 

If we substitute the values of v, <f>   ,  i// ,  and <? 

given by equation (9) Into equations (6), (7), and (8), we 

obtaini 

(A- TT) v- (g oo» r)<p * (AY - g sinr)f - 0 (10) 

C ONFIDENTIAL 
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- IyV • (A8 - AlpW - ^^ - lg*   " ° (ID. 

- HTT - AH i  + U8 -AHr)V - %o" - 0 (12) 

Hare we have three equations involving four variables, 

since we so far have made no mention of the variation of o* 

with the tine. 

2. Stability with Fixed Control Surfaoes 

If we. assume fixed oontrol surfaces, we set S   equal to 

zero, and we hare three equations in three variables. To 

determine what values of X   satisfy the above equations, it 

is only necessary to determine what values of A   make the fol- 

lowing determinant vanish. 

A-T_ 

- 1_ 

- N. 

- g cosr 

A8 -A: [\ 

- An. 

AY - g sin if 

Xz - As 

(13) 

Solving the above determinant, we obtain the following 

equation for A : 

C  ONFIDENTIAL 
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(iyWr g oo«r- j^g oo»r- X^H g «m.** L»T g »mr)X - o 

This equation asy bo written In tlM font 

A A5 * B A4 * 0 A* * B A* * 1A * T * Q (IS) 

A   - 1 

B 

C 

D 

I 

y 

(Vr " W,g 0O8*' + (Vr " Vp,s ,lar 

The determination of the values of A  whloh satisfy 

equatlon (19) departs In general upon the solution of a fifth 

degree equation* Slnoe la this ease, one root is «ero, it 

reduces to a fourth degree equation, the values of the abore 

quantities for a oonventlonal type glider are suoh that the 

C OiriDIITIll 



0 ONFIDENTIAL 

-9- 

roots of equation (15) are on« pair of oonjugate ooaplex 

roots, two negative roots» and, of course, one zero root. 

In general, the real parts of all.the roots will be negative 

corresponding to a stable condition if all coefficients are 

positive and Rouths* Disoriminant (BCD-D^-B^B) is positive. 

Xst us now investigate whloh are the important terms in 

the equation in X   and thus show how the nature of the solu- 

tions depends upon the values of the aerodynamio coefficients 

involved. In C, the quantity VN_ is large oonpared to 

the other terns present, and in D, the quantity 

T(IyH_ - XuN_) is large oonpared to other terms. Let us, 

then, for the present, negleot the other quantities involved 

in these terms, and let C and D be given as follows: 

VN_ D - VtL^p - YJ (17) 

In general, C and 0 will be large oonpared to B 

and E. Let us assume then that we may approximately reduee 

equation (15) to the following form: 

[Aa • <B-gM *o][A*fl[A +%U -o 

multiplying, we obtain: 

J5MB+S)>l* + fc*§(B-§)+^],l
8 

(18) 

(19) 

• [D • £ { c • g (B - %)}]A* • «A - o 

C ONFIDBNTIAL 
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Thua, in order that equation (15) aey be approximately 

ropreaented by an equation of font (IS), the following rela- 

tions auat hold: 

B»j      0^J(B.§)+5J    D»Sg (BO) 

2a general, tha values of ttaa aerodynaaio eoaffioianta 

for normal flight oonditiona of airoraft type miasllaa ara 

suoh that thaaa oonditiona ara aatiafiad. Inaarting tha 

values of B, 0, D, and I in aquation (IB), assuming 

tha approximate valuea of C and 0 given by aquation (17), 

we obtaini 

With thaaa approximatioaa, X   la given by: 

^ 3. 4 " \ (»r * \ + T^> * »«r - i <»r + TT + T^ 

A- . o 

(Bl) 

(BB) 

C ORFIDBNTIAL 
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Thus,    T, <£   , aM iff can be represented by equations 
oft the form 

T, <p , f   - Ox ezp ^ - ^i] 

+ c3 «P {I <»r + *v * ^> j 

+ C5 

«here Cj, C_, C-, C^, aid 0Q are arbitrary constants, 

whioh have values depending upon which of the quantities 

T, <f>   ,  and jfr is being represented, and the particular 

boundary conditions for that quantity. 

In general, the first term above represents a rapid 

subsidence, «hose rate is a function mainly of X. , the 

roll damping tern. Ibis Is the most Important term in roll 

motion* 

The second term is a slow subsidence or divergence whose 

rate depends primarily upon the magnitude of LJL compared 

to tJS t    and upon the glide angle t  . This term determines 

the spiral stability eharaoteristios of the glider; if the 

(89) 
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exponent is negative, the glider is spirally stable, if 

positiv«, spirally unstable. In general, I^N  is larger 

than IyN - and spiral stability is obtained although the 

stability is always avail. As seen fron the seoond term of 

equation (23), spiral stability is inoreased greatly at steep 

angles of deseent (sin?-» -1)» 

The third term in equation (S3) represents an osoilla- 

tion «hose period is determined largely by the term VNT, 

and is given approximately by T • BirY/vS^. As is to be 

expeoted, this period depends mainly on NT, the yawing 

moment due to sideslip, and the damping depends mainly on 

the term Nr, the yawing moment due to rate of yaw. These 

are the main terms in the yaw motion. The oonstant 

beeause of the faot that in a non-homing missile, the xero 

point for measuring angle of yaw is arbitrary; there is no 

preferred direotion in spaee. 

0.    ooours 

3.    Stability of SWOP Mark lfl and Mark 13 Air Stabilizers 

The following is a table of values of the lateral oo- 

effioients applioable to the SWCD gliders* 

Markjg 

W (lbs) 900 1500 

8 (ft8) 18.3 24.4 

b (ft) 8.4 10 

A (lb ft seo8) 83 45 

C (lb ft see2) 75 800 

C 0NFIDSNTIAL 
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"3315 

.-ia- 

-.3 

.8CL 

-.17 

dC, 
j§r - (-.08Ct) 

-•£ 

.17 

- -.6 

The rallies of W, S, b, A, and 0 are measured 

values determined at the National Bureau of Standards. The 

values of do. do. *Ct given in the table were obtained £ZL>   ^la.   ±Z1 

from a wind tunnel test at the California Institute of Tech- 

nology of an early model glider somewhat similar to the 

CONFIDENTIAL 
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Mark 12 glider (reference a). HbwoTer, sine« there are 

•ao» aarkoA differeneea between this aodel and tha praaant 

Mark 18 and Mark 18 gliders, thaa« Taluaa ahoold be oonsid- 

arad «a only approxlaata. Iran page 80» table 8, of refer- 

ence (8), tha following Taluaa are girent 

* 
.008 •T$ -.008 , (84) 

and froa figure 18 of reference (8), we obtain 

- .010 

where Ce la the eroaawlnd foroe coefficient, whioh for 

••all anglaa of raw may be considered equal to C , the 

lateral foroe ooefflelent. The Taluaa of the daaplng terms 

do. dpi 

*ÖI)'    *3I)' m)* and 
*°n 

are estimated by the methods deaerlbed In references (8) and 

(4) and should be oonaldered aa only Tory approxlaata. 

Let ua aubatltute the abore Taluaa Into the stability 

equations for a typical condition of flight of Mark 18, with 

fixed eontrola in pitoh. Assume C. - .8» whioh oorreaponda 

approximately to an arerage poaition of the eloTona of 10* up 

froa neutral. At equilibrium this giTea a Telocity of flight 

CONFIDENTIAL 
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at sea level of   7 • 415 ft/eeo. 

Under tola oondition of flight, the following quantities 

hare the values listed below: 

T   - 415 ft see -1 

t   - -18.5* 

-4.0 seo -1 

• +0.8 seo -1 

\m i^-   •  I'm* Iß A - -0.5 ft r1 w-3 
(25) 

N. 
SO. 

P       d 
.    T  PSTb8 

(W 
• -0.03 seo -1 

r    ^ff)      ^^ 
• -0.6 seo -1 

HT" 
do. 
*£ 

•   tj£SVb +0.1 ft"1 seo'1 

*v" ^9 • -0.15 seo -1 

CONFIDENTIAL 
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X«« a« now aubatltute tI»M valuea into equatlona (16), 

and thua tettnlM the ooeffioienta In equation (IS) for A 

Wo thua obtain the following aquation for  A t 

A 5 • 4.75yl* • 44.6 A9 + 189.0 i2 • 9.SI A   - 0 (26) 

.89 Az - -.05» 

yl8   4 - -.178 ± 6.581 
(87) 

Ai   rapraaanta a rapid aubaldeaoe whioh oorraaponda to 

the high damping in roll.    Az   *• * Blow Mbaidanoa determln- 

lng tha oomblned roll and yaw aplral motion.    A s   and   A 4 

ara a pair of oonjugate oomplox roota ahioh represent a damped 

oaoillation in yaw. 

If wa put tha valuea of the eonatanta in equation (85) 

in tha simplified expressions given by equation (81), wa ob- 

tain} 

{A* 411»)(A* ,057)  (A* + .6A   +41.5)    -0 (88) 

,^--4.15 >l8--.057 Az   4 - —80 ± 6.441  (89) 

These Taluea ara a fairly good approximation to those 

given by aquation (87), except for the damping of the yaw 

oaoillation. 

0 O.iriDIIIIAl 
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*. lateral Control System of SWOP Mark 7 and Mark 9 

la the oase of homing gliders, that la, the oaae «here 

the control aurfaoea are sored In aueh a way as to dlreot the 

gilder toward a target, the manner In whloh the oontrol aur- 

faoea are oauaed to more In response to the honing signals 

depends upon the oharaoteristioe of the partioular servo- 

meohanlsm used. It la not possible to oonpute the effeot 

of a general funotional relation, and to oonslder all poasible 

speolfie relations whioh have been used aa a baala for servo- 

mechanisms. We will consider here only the oaae of the lat- 

eral eontrol system used in SWOD Mark 7 and Mark 9. She 

complete theory, taking into aooount the off-on link between 

the gyro and the servo, time lags in the aerro, time laga in 

the homing eontrol, and the complete aet of lateral stabil- 

ity equations would be a very unwieldy ealoulatlon, and it 

is thought that by treating these various factors separately 

as to their effeots, the discussion may be made clearer. 

The gyros and servos used in SWOD Mark 7 and Mark 9 arc 

discussed in references (5) and (6). Lateral stabilization 

is obtained through the "turn gyro", which is esaentially a 

rate gyro equipped with electromagnet ooila and eleotrioal 

contacts. The electromagnets are oonneoted to apply torques 

to the gimbal frame whioh are proportional to the error angle 

in yaw as obtained by the homing device. The eleotrioal oon- 

taota are arranged on oppoaite sides of the gimbal frame so 

CONFIDENTIAL 
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that OM ooataot or the other it dosed, depending upon the 

sign of the sum of the torque applied by the elootroaagnets 

and the torque due to preoeaelon of the gyro «heel. Closing 

of a oontaot oauees the servo to »ore the ailerons. The gyro 

Is mounted In the glider at an angle so as to be sensitive 

to both roll and yaw» 

It was aasu—d in the derivation of the equations of 

aotlon that the prlnolpal axes of inertia of the glider were 

coincident with the reference exes. In general, this is not 

true, for in the oaee of SWCD Hark 7 and Mark 9, the roll 

axis under normal equilibrium flight conditions is inolined 

to the direction of the relative wind by about 3*. This 

difference has only a very small effeet on the stability 

oaleulations for free flight» but must be taken into aooount 

in the ease of homing flight» 

Slnoe the flight path is on the average toward the tar- 

get on a true homing course, the error angle as measured by 

the homing device will differ from the error angle referred 

to coordinates where the X-axis is in the dlreotlon of the 

axis of roll by an amount given for small angles by the fol- 

lowing equation: 

*' = *-(*1> (30) 

where \/J ° is the error determined by the homing device, 

}f/   is the error angle, referred to coordinates with X-axis 

C ONFIDENTIAL 
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along the roll axis, ß    la the angle between the roll axis 

and a line fron the glider to the target, and   <p    is the 

angle of bank. 

Let oC   represent the angle the axis of the gyro makes 

with the axis of roll.    Let   e   represent the rate of yaw in 

degrees per seoond that produces the sans torque on the glm- 

bal frame as an angular error of one degree.    The particular 

oontaot on the gyro which is closed depends on the sign of 

the quantity   ex)   defined by 

od-JJ+tan*   |$+c(^-/84>) (31) 

When u> is positive, that oontaot on the gyro will be 

olosed that oauses the servo-oontrol unit to move the ailerons 

differentially at a constant speed to produce a rolling moment 

to the left; when a>   is negative, the other oontaot will be 

olosed, causing the ailerons to move at constant speed to 

give a rolling moment to the right. Thus the movement of 

the ailerons is always in suoh' a direotion as to reduoe the 

value of cO to zero. A hunting motion is set up, the gyro 

contacts alternately dosing and the ailerons moving alter- 

nately for right and left differential. 

If we negleot this hunting motion, and assume that a) 

is, on the average, zero, we have 

jf + Jftanoc + o? - ßc<t>    -  0 (32) 
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If we negleot the sideslip notion of the glider and 

assume, for th« moment, that equilibrium of foroes always 

exists along the lateral axis, equation (6) reduces to: 

0   - -V |g + (g oosnl   +(gsinjr)^. (33) 

In general, f   is sufficiently small so that the term 

involYing   sinf   maybe neglected in equation (33) and 

ooaf    set equal to unity.   Xquation (33) thus beoomes: 

$[-$*• (34) 

Substituting equation (33) and its time derlvatiTe in 

equation (32), we obtain: 

f{1 + ß Ytaiye0Br t ••• 

(35) 

If we use the simplified equation (34), which neglects 

terms in   sin ¥   and   tan Y    , and assume   cos f   equal to 

unity, we obtain: 

»2 

dt* £(-* y tanot  " tan«- äA,; +^ tan«. (36) 
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Thls equation has the following approximate solution: 

* * ^ exp (- jnfaz  ($ -ßoj)    ooe( ^fct* e) .   (37) 

This equation represents a damped osolllatlon In yaw. 

It Is seen that the damping Is influenced considerably 

by the value of ß o. The effect of this quantity, in general, 

is to reduce tne damping. If the line from the glider to the 

target is below the roll axis (ß positive), the damping of 

the osolllatlon is deoreased; if it is above the roll axis, 

the damping is increased. As discussed on page 18, the aver- 

age value of ß    for SWOD Hark 9 is about 8*. ß   occurs in 

the damping term multiplied by c, the ratio of the rate of 

turn of the gyro to the error angle. The effeot of ß   on 

the damping is thus emphasized by a large value of c. In 

the case of high sensitivity homing information, that is, a 

large signal for a small error angle, the damping may become 

negative, and the oscillations become undamped and increase 

in amplitude to a limit where the homing information saturates 

on eaoh oscillation and these assumed equations no longer hold. 

Let us assume typical values of the constants in this 

equation. Let <* • 20s, ß   - «05,   o - .5,  V - 415 ft/seo, 

we obtain: 

f  - %  «*P (-«103 t) cos (.326 t + 6 ). (38) 
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Thls shows that an oscillation in yaw should oeour with 

a period of about 19 seconds and damping to 1/e   of its 

initial value in about 10 seconds. 

Although this simplified theory predicts quite closely 

the period of the oscillation in yaw aotually obtained in 

flights the predioted damping is not obtained, and sustained 

hunting of about this period and of an amplitude of about 4* 

is obtained« in order to inorease this damping in yaw suf- 

ficiently, a bias gyro has been added to the oontrol systems 

of SWOD Mark 7 and Mark 9. This gyro is similar to the turn 

gyro except that it does not oontain the electromagnets, but 

only oontacts, one or the other of whioh closes, depending 

upon the sense of the rate of.turn. Its design and operation 

are described in detail in referenoe (5). This gyro is mount- 

ed in the glider along the average roll axis so that it will 

be sensitive chiefly to the yawing motion of the glider. Roll- 

ing motion will affeot it slightly-because the axis of roll 

does not remain fixed for all conditions of flight. 

The bias gyro is oonneoted in the cirouit of the turn 

gyro so that when the rate of yaw of the glider is to the 

right, the right ooil in the turn gyro is shunted by a resistor, 

and when the rate of yaw is to the left, the left ooil in the 

turn gyro is shunted. The effeot of the shunting current in 

the coils is shown in referenoe (5), figure 11. It is seen 

that a bias is given to the signals put into the electromagnets 
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in such a direotion as to oppose the yawing motion of the 

glider, and thus inereases the damping of the yaw oaoilla- 

tions. Experimentally, it has been found neoessary to use 

this bias gyro to obtain sufficient damping in yaw. 

Figure 1 chows a typioal flight of SWQD Mark 9. The 

ourve labeled "Apparent Horizontal notion of Refleotor* shows 

that an oaoillation in yaw of period of about SO seconds is 

evident, but is of very small amplitude« 

Obviously the reason the damping predicted by the sim- 

plified theory above is not obtained is due to the approxima- 

tions made, which, in effeot, negleot the effeots of sideslip 

velocity, the time lags present in the homing signals, and 

the roll hunting motion involving time lags in the gyro and 

servo system. 

Let us now consider the effeot of time lag in the homing 

intelligence. The homing intelligence has a time lag whioh 

is equivalent to that produced in an RQ oirouit of time 

constant of approximately 0.3 seoond. If we assume that 

the homing information has a lag corresponding to an BC 

oirouit, equation (38) becomes 

S| • ]f tan- • c exp (- fa) JüLjfll exp(fa)dt - 0.    (39) 

Combining this equation with equation (34), we obtain: 
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^ + (ytfn* + is) ^ * (wB-fssr - « fi^J i? 

4 -JtfUfc—  • o. VBC tan«        v' 

If RC is zero, this reduces, of oourse, to equation (36). 

If we substitute the values of ß ,    o,    oC  , and   7   used 

in equation (08), and in addition let   RC - 0.3,    equation 

(40) beo< 

(40) 

Mjr * 3.55 *-^ •  .687 4| +  .355?  - 0. 
dt8 dt2 " 

(41) 

Solving, we obtain: 

f   '   Vj exp (-3.38 t) + f z  exp (-.086 t) oos (.324 t + «6 ). (42) 

It is seen that the period of the oscillations is virtu- 

ally unohanged, but that the damping is decreased about 20 

percent,   sideslip effeots and the hunting in roll with its 

various time lags involved are still neglected. 

To investigate the effeot of sideslip velocity, let us 

now oonslder the general stability equations, with an ideal 

servoneohanisBi, where the differential of the ailerons   o*    , 

instead of increasing or decreasing at a constant rate depend- 

ing upon the sign of <£ , will actually be proportional tool  . 
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Thus let us write 

Sm -Ku)- -*($? + J| tan*    * cty - ßo4>) (43) 

If we assume S   is given by an expression of the type 

o m   S0  ezp Ut), we may write equation (43) as follows: 

S+ K [ X tan*  - (flc)  + K ( X  + c)^ - 0 (44) 

Combining this equation with equations (10), (11),  (12), the 

values of  X    which satisfy these four equations are those 

that make the following determinant vanish: 

X -T_ -g 003 t XV - g sin» 

x*-xiv     -XtT 

-N_ -/(N A
Z
-XK -N s 

K ( X tan« - /Sc)      K ( -A + c) 

(45) 

Solving the above determinant, an equation of the fifth 

degree in  \   with 55 terms is obtained.    This may be written 

in the form given by equation (15) with coefficients given in 

the following table: 
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B    - -Nr - 1^ - YT • K fo    *LS   tan cc] % 

0    " ^pNp - yip + TT (1^ + Hr) + VNT • Klrf [-Np tanoc 

-fi° * M
p - 

Y
v 

tan"j + *** I1* tan*   " S> + ° " YT] > 

D    - Tv (-I^Nr + L^) - 1^ g ooar - NT g Bin/ + V (L^ - 1^) 

+ KLJ  fao N   + o N   + HI   tan« + ß eT   - NY 

1 p (46) 
+ VNy tanot|+ KN^I-^o 1^ - o L   - L^tan* 

•L^-e Yy- Vl^tan*], 

E    - (LTNr - LrNy) g coar   + (-lyMp + LpNy) g sin V 

+ XLjT-^So NrYy - o HYT + Ny g cos y   - (3 0 VNy 

- (NT tan*) g sinr]+ KNrf j/3o I^Yy • o l^T, 

- 1^ g oos r * /3c Vly + (ly tan« ) g ain tfj 

F   - KLjTc N   g ooa Jr + jo o N   g a In Jrj  + KN^   f- clyg cos V 

- /3o l^g sin jrj. 
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Let us now substitute values for the coefficients In 

this equation for the typical flight condition given by equa- 

tion (25).    We need values for the additional quantities 

LT,    Nr ,    K ,   oo ,-and   (3 .    From wind tunnel tests (ref- 

erence 2), we nay take   «-£-   - .072, which gives    L^ * 60« 

We will assume for this flight condition that no yaw moments 

axe produced by the ailerons, that is,    Nj   - 0.    Let   K - 5, 

aC     • 20*, and   ß * .05, whioh are typical values.  -The equa- 

tion for   \   becomes: 

X5    * 150.4 A* +  138.lX3 + 6229 XZ + 953^  • 622 - 0.     (47) 

This equation has the following approximate roots: 

X1 - -149.8   ,       ^2    3* ~»225 * 6.43t     , 
(46) 

X 4    5  - -.0765 ±  .316 i . 

Comparing this result with the free flight results, equation 

(27), we see that instead of two subsidences, a damped osoina- 

tion, and a zero root, we now have a very rapid subsidence 

and two damped oscillations.    The roots X 2    and A 3    rep- 

resent the natural yaw oscillation similar to that for the 

free flight condition, and whose period and damping are main- 

ly a function of the aerodynamic constants.    The roots A. 

and A 5    represent a damped oscillation whose period and 
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damping depend primarily upon the constants oo   and c 

assumed for the Ideal servo system. The period of this 

oscillation is about the same and the damping somewhat less 

than that obtained from equation (38), in which sideslip 

velooity was negleoted. While the effect of sideslip is 

sometimes taken into aeoount by introducing an "aerodynamic 

lag" in the simplified equation, it is important to note 

that there is no evidenoe of a true aerodynamic lag when 

the complete equations of motion are used« 

By examination of the solutions of equations (36), (4Q), 

or (45), it is seen that the damping in yaw should increase 

as •* decreases. If we let «c • o in equation (36), we 

obtain: 

}^+-£J!- -0. (49) 
«  .  (807 

x   g 

Solving for f   , we obtain: 

t"   tc «P (- -a|ö7) • (50) 
1 " S 

This equation ,nows that the yaw oscillation should re- 

duce to a subsidence when * - 0. However, if we let <*• - 0 

in equation (46), which takes into aeoount sideslip velocity 

effects, we obtain the following equation for A   : 
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X 5 + 4.75/(4 + 22.6 A3 + 173.7 A2  + 85lA   + 622 - 0,       (51) 

which has the following roots: 

X^ - -.871  , Xz    3 - -4.08 ± 2.49L     , 
(52) 

i       _ -  +2.14 ± 5.161 . 4|   O 

We obtain the rapid subsidence, the damped natural yaw 

oscillation as in the case   at • 20», but now    \      and 

y g    represent a rapidly divergent oscillation, and thus an 

unstable condition results.    At some small value of ot   , 

the real parts of the roots    <^4    and    A5    change from 

negative to positive, change the oscillation from a damped 

one to a divergent one. 

5.    Roll Stabilization System 

In order to study the effects of the roll hunting mo- 

tion on the lateral stability,  a more detailed discussion 

of the roll stabilization system will be given, taking into 

account the off-on character of the link between the gyros 

and the servo-clutches, and the time lag in the response of 

the servo.    Let us assume that the glider is flying straight 

and level, that the hunting motion in roll has reached a 

steady state condition, and that the motion is periodic. 
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Negleetlng the effects of rolling moment due to rate of yaw, 

and rolling momenta due to sideslip velooity, equation (7) 

for the motion in roll becomes: 

.2. tf-s«****- (53) 

At tin»    t • 0,    let the rate of roll   p   equal   p. the 

angle of bank 4>   equal    $±, and the rolling acceleration 

produced by the ailerons equal to   Ltf IT *1#      *** ^ de" 

fine   K - L^ ^g,    and thus   K   becomes the acceleration in 

roll produced by the amount of differential on the ailerons 

developed by the servo in moving the ailerons at constant 

speed   3^   for one second. 

At the instant    t » 0,    the ailerons start to.move dif- 

ferentially with a constant speed and in such a direction 

as to reduce the rolling acceleration.    At time    t • t.,    it 

is fcü-Ilj deen that the rolling acceleration will become zero, 

and at    t - St        it will become equal in magnitude and oppo- 

site in sign to its value at    t • 0.    At    t - Bt^, it is 

assumed that the direotion of motion of the ailerons reverses, 

so that at time   t • 3tlt    the rolling acceleration is again 

reduced to zero, and at    t - 4t,,    is equal to its value at 

t - 0.    Thus a periodic hunting in the aileron motion is ob- 

tained of "saw-toothed" wave form, and with a period 4t^. 
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The aileron differential   <$    as a function of the time is 

shown in figure (2) 

We may express the motion in roll between    t = 0 and 

t - 2t^    by the equation: 

.tZ        p oT 1 (54) 

Solving this differential equation for   p    and  4>    , 

including the initial conditions that    p " p,,    and   <p • 4>,, 

at    t • 0,    we obtain: 

P - - |- [t1  (l - exp (Lpt)) - t - i. (l - exp (Lpt))] 

Pxexp (Lt), (55) 

[St 

- 1    (l - exp (y)j] - Jj (l - exp (Lpt))   •  <j> 1 

v 

At    t - 2^,     let    p •- p2,     and   <£ -    ^g.    Then    pg    and 

(b,    will be given by the following equations: 
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(58) 

Since we hare assumed a steady state oondition, the values 

of p and f at t» St^ must be equal in magnitude and op- 

posite in sign to their values at t - 0. Putting p. • -p. 

and T*I " ~4*g» we obtain the following equations for p 

and ^ : 

•- | IX* - Vi) • ^ - «i 

^^TÄWsw^yj. (60) 

Let us assume that there is a time lag   At between the 

time the angular Telocity to which the gyro is sensitive 

^f» + at tancC  )    ls *educed to aero and the time the ailerons 
reverse their motion.   This time lag includes the time it 
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takes for the gyro oontaots to reverse, the servo clutches 

to engage and reverse the direction of motion of the ailerons. 

If reversal of the aileron motion takes place at    t» St., 

the angular velocity to which the gyro Is sensitive must 

reduce to zero at time   t • 2t^ - At.    Let the values of   p 

and 4» at this time be denoted by   p_    and  £_,    which are 

given by the following equations: 

-* (61) 

•»"Si  fl^-V*)    -At + S At* 

1/1-2 e«o fa (2*1 -    t>): e„ (*VlÄ| 
CV.1 + exp (8 L*x;^-7J- 

(62) 

Since at time    t - 2tj_ - at,    the angular velocity to 

which the gyro is sensitive is reduced to zero, we have the 

following relation: 

Jf + J| tan*  - 0      at      t - 2tx - At . (63) 

If again we negleot the effects of sideslip velocity, we may 
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make use of equation (34), and thus we obtain the following 

relation between   p„    and <p _: 

$ ^_ + (tan* ) p    - 0. (64) 

Due to the high damping in roll, the terms ezp (2 Lt.) 

and ezp (L_ (2 t^ -At)J are negligible compared to unity for 

the observed values of t^ and At, and will be neglected 

in what follows. Substituting equations (60) and (61) in 

equation (64), we obtain: 

sf [*i - W - ** * S *r *• %1 

=T^IV"-^]- + K tan 

Solving for t,, we obtain: 

(65) 

A* " ^ + Kg San«, (At - Lp ^ - ^) 

i + V^, Jan«,  d-SAt) 

(66) 

It is seen from the above equation that for values of 
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06    such that ^r "fan—^C.1» the period of the roll hunt 

Is letermined chiefly by the damping acceleration in roll 

Lp and the time lag at. The amplitude of the roll hunt 

from equation (60) is seen to be a linear function of the 

period and directly proportional to the ratio of the rolling 

acceleration produced per second by the elevons. Thus to 

keep the roll amplitude small, time lags in the gyro and 

servo units must be kept to a minimum, and the rate of ap- 

plication of restoring moment small. 

As «• takes on smaller and smaller values so that 

+. -•    g   •       becomes of the order of unity, the denominator 

in equation (66) becomes very small,  increasing the period 

and amplitude of the roll hunting motion, until at the value 

of   «6   determined by the equation 

an— (^ + dt)   -  1, 
P 

(67) 

the denominator of equation (66) becomes zero, and the hunt- 

ing motion becomes unstable. 

Let us substitute appropriate values of L-, g, V, <*• , 

and At for SWOD Hark 9, and determine the resultant values 

of the amplitude and period of the roll motion. Let us use 

the values of L- and V given by equations (25), and, in 

addition, set »c • 20° and At « 0.1 second* Substituting 

these values into equation (66),  we  obtain    t.  * 0.35  second. 
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Thus tfas roll hunting motion should have a period 

V • 4t^ - 1*4 aaoond.    The amplitude will be approximately 

giren by   o^8,   whioh has a value of 0.095 radians*or 

5*4 degrees.    These oaloulated values oheclc^HfijffiQi 

experiment as is seen by referring to the curve'gtf figure 

(1), showing the angle of roll as a function of the time 

for a typical flight of SV/QD Hark 9. 

from equation (67), the smallest value of <*    that may 

be used before the motion becomes unstable is about 3.5*. 

This equation, however, neglects rolling moments due to 

sideslip and to rate of yaw whioh, if taken into account, 

have the effeot of increasing this minimum angle. 

6.   Model Tests of Lateral Control System 

To study the effeot of time lags and speed of the servo 

system on the roll hunting motion, a meohajiiafMBjHSMwato 

represent equation (53) was constructed.    A photograph of 

the model is shown in figure (3).    It oonsists of a table 

free to rotate about a vertical axis, and carries the "turn 

gyro" used in the control system.    On the same axis is a 

oylinder which rotates inside a ooneentrio cylinder with 

a small separation.    The space between the cylinders is 

filled with oil to produce viscous damping of the motion 

of the table.    Since the spaoing of the cylinders is small 

and the oil is sufficiently viscous, the damping force is 
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quite accurately proportional to tue first power of the 

angular velocity of the table.    A cord is wound around the 

shaft which supports the table, and each end is connected 

to a spring.    The other ends of the springs are connected 

by eor&e around pulleys to the servo arms.   Thus, if we neg- 

leot the small spring displacement caused by the motion of 

the table, the torque applied to the table will be propor- 

tional to the displacement of the servo arms and to the 

constants of the springs.    If the ratio of the torque ap- 

plied per radian displacement of the servo to the moment 

of inertia of the table is made equal to the value of   Lj 

for the missile, and the ratio of the damping torque to the 

moment of inertia of the table is made equal to the value 

of   L_    for the missile, the motion of the table will be 

governed by equation (53).    If the "turn gyro" mounted on 

the table is oonneoted to the servo, as in the missile, a 

hunting motion will be set up simulating the roll hunting 

motion of the glider.    Some records obtained with the model 

are shown in figure (4), whioh were taken to study the effect 

of time lag in the system and rate of movement of ailerons 

on the amplitude of the roll hunt.    The results are in accord 

with the theoretical treatment above. 

The Servomechanlsms Laboratory of the Massachusetts 

Institute of Technology, in connection with the development 

of an alternate control system for SWOD Hark 7 and Mark 9, 
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oonstruoted a derloe to simulate the roll and yaw notions 

of a glider» A platform waw arranged ao as to be free to 

rotate about a horizontal axis (representing roll Motion) and 

to be driven in rotation about a vertical axis. A torque 

motor and generator «ere oonneeted to the roll axis, and 

synohros attached to the arms of the servo under test. Elec- 

trical circuits were arranged so that a torque was applied 

about the roll axis proportional to the differential dis- 

placement of the ailerons and to the rate of roll, with 

proper constants of proportionality so that the motion in 

roll would be represented by equation (58). The platform 

was driven in rotation about a vertical axis at an angular 

velooity proportional to the angular displacement about the 

horizontal or roll axis, and the constant adjusted so that 

its motion would be represented by equation (34). All 

effects due to sideslip and the cross derivatives L  and 

H_ were neglected. 

The turn and bias gyros and antenna system used in 

SWQD Mark 7 were mounted on the platform and a beaoon for 

homing signals placed at a distance from the platform. The 

system was operated so that the lateral motions of the glider 

in flight would be simulated. Records obtained of the angle 

of bank 4* and the angle of yaw f   of the platform as a 

function of the time for various adjustments of the control 

system are shown in figures (5), (6), and (7). In all record« 
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shown, the platform was initially set 5* off the axis of 

honing« The vertioal soale for <f>   is four times that for f • 

Figure 5 shows a series of runs in which the angle of 

the gyro is varied from 2*5° to 20*. For 2*5* the motion is 

unstable, as predicted by the roll stabilization theory in 

section 5, the platform hitting its limit stops during the 

test. The value of 15" found to be most satisfactory from 

flight tests is somewhat larger than the best result from 

the model tests, the difference being due to the terms neg- 

lected in the equation governing the model tests. 

Figure (6) shows a series of runs in which the angle 

designated as %    , whioh represents the minimum error angle 

that produces saturation of the differential amplifier whioh 

feeds into the turn gyro coils, is varied. This, in effeot* 

is the same as varying the value of c, the rate of yaw In 

degrees per second that produces the same torque on the gim- 

bal frame of the gyro as an angular error of one degree. The 

value %   m 6°    was found most suitable from flight tests, 

and this value is seen to be satisfactory by this model test. 

Figure (7) shows the effect of the bias gyro on the 

damping of the yaw oscillations. If a bias gyro is not used 

(R - oo), sustained oscillations in yaw are obtained both in 

flight tests and in the model test. The most suitable value 

for the biasing resistor determined from both flight.tests 

and model tests was found to be about 50(30 ohms. 

April 12,  1946 
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