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0. Summary 

'This paper deals with convexity properties in 
structural optimization, and with the closely related 
question of local versus global optima. 

The problan we investigate is that of minimizing 
the structural weight subject to constraints on 
displacanents, stresses and natural frequencies. It is 
assured that the structure is described by a finite 
elanent model, and that the transverse sizes of the 
elai>mts, e.g. thicknesses of manbrane plates, are the 
design variables. This inplies that both the objective 
function, i.e. the weight, and the structural stiffness 
matrix depend linearly on the design variables. The 
constraint functions, however, become nonlinear and 
they may in the general case give rise to a ncnconvex 
feasible region in the design space. Then there is a 
risk that a local, but not global, mimimtm is attained 
when any of the various existing methods for nunerically 
solving the problan is applied. This fact is illu¬ 
strated by exarples of non convex problems. 

However, as shown in this paper, there are seme 
inecial cases where the feasible region always becomes 
convex, so that, due to the linearity of the objective 
function, each local optimun is in fact also a global 
one. Three examples of constraints which are proved to 
possess such convexity properties are: i) a natural 
kind of •'synrnetric" displacement constraint, where the 
magnitude of the displacement is measured in the direc¬ 
tion of the applied load, ii) a "global" displacement 
constraint, which may be interpreted as a lower bomd 
of the anallest eigenvalue of the structural stiffness 
matrix, and iii) a lower bound on the lowest natural 
frequency. 

1. Introduction 

When an "optimal" solution of a structural optimi¬ 
zation problan is obtained, by sane minerical method, 
it is often very difficult to decide if it is the 
"global" optimal solution or just a "local" one. If, 
however, the considered problem is known to be convex, 
then sane strong statements about the global nature of 
obtained solutions can be made. This is the rain reason 
for the investigation of convexity properties in 
structural optimization accaiplished in this paper. A 
second reason, which we do not go into details about, \ 
is that if the considered problem is known to be con vet, 
then methods specially developed for convex problems 
could be used. Such methods might be more efficient 
than methods developed for more general nonlinear 
problans. 

The problem we consider is to minimize the 
structural weight subject to constraints on displace¬ 
ments and stresses, under multiple statical load condi¬ 
tions, and on natural frequencies. It is assured that 
the considered structure is described by a linearly 
elastic finite elanent model, and that the transverse 
sizes of the elements (cross section areas of bars, 
thicknesses of menbrane plates etc.) are the design 
variables. The elarents ray be linked together in 
groups, so that the j:th design variable x^ determines 

the sizes of all the elarents in the j:th group. Also, 
sore elements may have fixed sizes. 

Under these assutptions the structural weight w is 

a linear function of the design variables: 
w(x) = w + /W.X.. The structural stiffness matrix K o 3 j 
and the structural mass matrix M are also linear func¬ 
tions of X, i.e. K(x) = K0 + /xjKj = 
= Mq + IxjMj » where K^ and Mj (j=0,1,..,n) are constant 
synrnetric matrices. It is further assured that each 
design variabel x. is restricted between given bounds: 

x^1^0 < x. < xü0*, where x1^ and x1?35' are constant 
j “ J “ J j J 

positive real nunbers. This may be written: x € X, 
T where x = (x1,..xh> is the vector of variables and 

X = {xfnf1!}^1 < Xj < j=1,..n). For each x Ê X, 
the structure is assumed to be non-degenerate, so that 
K(x) and M(x) are symretric and positive definite. 

It should be noted that since the weight w is a 
linear function in x, it is also a convex function in 
x. Thus, \hen investigating if the minimun weight 
problan is convex, it suffices to investigate if the 
imposed constraints (on displacanents, etc.) give rise 
to a convex feasible darein in the design space. (This 
statanent is made clear in section 2.) 

We will occasionally use the notation l|v||, to 
denote the euclidean norm of the vector v. If 

V = (V1,. .v/ € R0, then |(v||2 = £v2. We also use the 
notation S for the "unit sphere" (of suitable dimension 
apparent from the context), i.e. S = (v | |)v|| = 1). 

2. Convex optimization problans 

In this section we bring together sore basic defi¬ 
nitions and results, concerning nonlinear optimization 
in general and convex problems in particular, which 
will be frequently referred to in the forthconing 
sections. The results collected in this section have 
been known for several decades, and we therefore onit 
the proofs. A more exhaustive description of the ratter 
ray be found in refs [1] and [2]. 

We consider here the following general optimization 
problan P: 

P: min f(x) , x € rf* 

subject to g^ix) < c^, i=1,..m 

xfi < Xj ¿x™“, j-1,..n 

f and g^ are real-valued functions, a^, x^andx^“ 

are constant real nunbers. To shorten the notation we 
will also write: 

P: min f(x) 

subject to x € (I 

where Q, the feasible set, is defined by 
0 *= (xexlg^ix) <: c^, i€l), where X = 

= (xof1')^1 < Xj < x^**, j=1,..n) and I - {1,..m}. 
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Definition 2.1: A point x* € « .is said to be a global 
"miniinun poiKTof P if f(x*) < f(x) for »11 x € «. 

A global minimim point is what we normally are 
searching for. However, algorithms for numerically^ 
solving nonlinear problans of realistic sizes can not, 
in the general case, be expected to find anything 
better than a local miniinun point: 

Definition 2.2: A point x* £ « is said to be a local 
minimum point of P if there is an t >0 such that 
f(x*) < f(x) for all X € « such that ||x-x»|| < t. 

If x* is a global miniraun point then x* is 
obviously also a local minimum point, but the converse 
is in general not true. 

Definition 2.3: A set C in R0 is said tobe convex if 
UX + (l-uVy ~C, for every x, y € C and every real 
nurber u such that 0 < u < 1* 

The following property is fundamental for convex 

sets: 

Lemma 2.4: Let Cv, v € V, be a collection of convex 

sets in p". Then the intersection set C = = 

{xEI^ x€Cv for all v€V) is convex. (If C is empty 

thaï C is by definition convex.) 

V may be a finite or infinite index set. The lama 

is illustrated in fig 2.1. 

Fig 2.1 C » CjOCj is convex if 

C1 and C2 are convex. 

._, 5 7. T~t a v € V, be a collection of functions 
which are'convex'over the convex set C. Assume that, 
br each x € C, max (gv(x)> exists. Then the "pointwise 

maximum function" g, defined by g(x) = 'max {gv(x)\ is 

convex over C. v 

V may be a finite or infinite index set. The 
lama is illustrated in fig 2.2. 

Fjq 2.2 g(x) = max^g^x) ,g2(x)} • 

g is convex if 
and g2 are convex. 

Definition 2.5: A real-valued function v,_ defined on a 
TCvnmv Qet“c is paid to be convex over C it 
^(!n^(i-b)y) < uv)(x) + (i-u)(P(y)» ^ e™** x. y € c 
and every u such that 0 < u < 1 • 

For twice ccntinucMsly differentiable fumctions 
there is an alternative characterization of convexity: 

Laima 2.6: Assume that the function ip has continuous 

second partial derivatives on a convex set C in A 
Thai ip is convex over C if and only if the Hessian 
matrix $ (= the matrix of second derivatives) of ip is 
positive semidefinite throughout C, i.e. if and oily 

if: 

hT*(x)h = ï l > 0 for all x € C and every 

vector h € K0• 

The following property is fundamental for convex 

functions: 

We now come to what, in this paper, will be meant 

by a convex problem: 

Definition 2.8: If, in problem P, the feasible set Ü is 
convex and tbe objective function f is convex 
then P is «id to be a convex »optimization) problem. 

Laima 2.9: A sufficient condition for P to be a convex 
problem is that the objective function f and the 
constraint functions g^ i 6 I, are convex over X. 

The following theorem is of obvious practical 
importance: 

Theorem 2.10: Assume that P is a convexjiroblam and _ 
that x* is a local minimum point of P. Then x is also 
a global minimum point of P. 

Most of the methods oormonly used in structural 

optimization, see e.g. ref [3], do not explicitly use 

definitions 2.1 and 2.2 when searching for a minimum 

point, instead they search for, and usually endq? 

with, a point which satisfies the so called KT-condi 

tiens (= Kuhn-Tucker conditions). 

Definition 2.11: Assume that f and gt are differen¬ 

tiable functions. A point x* £ Q is said to be satis¬ 
fying the KT-oonditions of problem P if there are non¬ 
negative real numbers i € I, such that the 

following two conditions are satisfied: 

>- 0 if x^ = 

i) Ti 391 
3Xj ' ¿ 1 ^ 
H 0 if xf1 < xi < x^“ 

„ max 
< 0 if x} = Xj 

for all j £ {1,..,n), where the derivatives are 
evaluated at x = x*. 
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ii) X1(gi{x*)-ai) * 0 for ídl i € I. 

In the general case, such a "KT-point" x* ina^ fail 
to be even a local miniiuun point of P. In the convex 
case, however, the situation is ccnpletely satis¬ 
factory: 

Theoran 2.12: Assure that P is a convex problem and 
that X* satisfies the KT-oonditions of P. Then x* is a 
global minimun point of P. 

Convex problems possess a variety of other 

interesting and useful properties, see e.g. ref [4], 

but we believe that the above theorems, 2.10 and 2.12, 

suffice to point out that convex problems are well- 

behaved compared to nonoonvex ones. 

3. Displacement- and stress constraints 

Displacement constraints are usually of the form 
qTu <a, where u is the nodal displacement vector, q 
is a~given constant vector and a is a given real 

nunber. u is obtained fron the system Ku = p, where 

p is the load vector and K = K0 + ¿xjKj is the 

structural stiffness matrix. Thus u = K p, and a 

given displacement constraint may be written: 

d(x) = qTK-1p < a 

q is in the literature often considered to be a 

"virtual load" vector, a convention we will follow in 

this paper. Note that q and p are both assured to be 

given constant vectors, while K depends on x. We will 

therefore occasionally (when we want to arphasize this 

dependence) write qTK-1 (x)p instead of the shorter 

qTK"1p. The meaning is however always the same. 
Unfort mate ly, displacement constraints are not 

always convex: 

Proposition 3.1 : Displacement- and stress constraints 
may give rise to a nonconvex feasible set. 

We prove this statement by presenting an example 
of a nonconvex problsn, where the chosen displacement 
constraint is equivalent to a stress constraint. 
Consider the two-dimensional truss structure show» in 

fig 3.1. 

The structure has only got 2 degrees of freedom, 

narrely the horizontal and vertical displacements of 

the single non-fixed node. The elements are linked 

together two by two, so that we have the following 

variables: 

x1 = cross section area of elarents 1 and 2. 

X2 = cross section area of elements 3 and 4. 

The lower and upper bounds on the variables are 

xmin = xmin = 0 >1 ^ mx x = 15 

There is only one displacement constraint. The 
corresponding load vector p and "virtual load" vector 

q, which eue shown in fig 3.1, are: 

and q = 
1 

-1 

Ilote that, since q is pared lei to element 1, the 

considered displacarent constraint is equivalent to a 

constraint on the tensile stress in elanent 1. 
After some calculations we obtain the following 

structural stiffness matrix: 

K = E 

2x.j + Xj 0 

X1 
T + x„ 

where E = Youig's modulus of elasticity. We then get 

the following displacement constraint: 

(■ ±- 2 
í/üíCpE 2x1+X2 

4 

d(x) = qTK-1p 

Assume, for simplicity, that a = 

constraint then becomes: 
3^01 E 

'die 

The ieasible set implied by this constraint, 

together with the lower and upper bounds on the 

variables, is shown in fig 3.2. It is clearly non¬ 

convex. . 
To see what consequences this might lead to, assure 

that has been fixed to the value 1.0. Hie feasible 

set is then reduced to the two line segments: 

0.1 < x2 < 0.25 and 1.0 < Xj < 1.5 

(see the dotted lines in fig 3.2). The global minimun 

weight solution of this, restricted, problem is 

obviously x2 = 0.1 (and x1 = 1.0), but it is also clear 

that x2 * 1.0 is a local minimun solution. If a 

starting point with Xj > 1.0 is chosen, then this 

latter solution is the one which most likely will be 

found by a standard method for solving the problem. 
It should be noted that this undesirable existence 

of a ncn-global local minimun can not be avoided by 

any transformation of the design variables. If the 

problem is formulated in e.g. the reciprocal variables 

f;1 = 1/x1 and f,2 = 1/x2 we get the situation 

illustrated in fig 3.3. 
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Fig 3.2 Feasible set of the 4-bar problem. 

4. Symmetric displacement constraints 

When defining a displacement constraint, it is 

sometimes natural to let the "virtual load" vector q 

be parallel to the load vector p. We will call such a 

displacement constraint "symmetric": 

T -1 
Definition 4.1: The constraint d(x) = q K p < a is 

said to be a symmetric displacement constraint if 

q = YP for some positive real number y. 

As a typical example, consider the famous 10-bar 

cantilever truss in fig 4.1. Assume that cne of the 

loadcases consists of a single vertical force in node 

6. A reasonable constraint is then to place a limit on 

the vertical displacement of node 6, under this load- 

case. This clearly becomes a symmetric displacement 

contraint. 

Fig 4.1 Example of a symmetric 
displacement constraint. 

Symmetric displacement constraints can be given an 

alternative interpretation. Since q = YP and p = Ku, 

we have: ^ ^ 

d(x) = qTK-1p = TpTK-1p = YUTKU = 2yU, where U= 2U Ku 

is the strain energy in the structure when the given 

load p has been applied. A symmetric displacement 
constraint may thus be formulated: "For a given load 

p, the resulting strain energy must not exceed a given 

quantity". 
We now prove that symmetric displacement 

constraints possess an attractive convexity property: 

Theorem 4.2: Let d(x) = qTK_1p and assume that q = YP 

for some real number y > 0* Th®1 d is a convex 

function o\er X. 

Proof: We prove this tlieorem by shewing that the 
Hessian matrix of d is positive semidefinite for all 

x € X, cf. lemma 2.6. We also use the formula: 

21- = - k~1 |1- K~1, which is immediately obtained by 
SXj dXj 

differentiating the identity K_1K = the unity matrix. 
T —1 

If we differentiate d = q K p twice, we get: 

IT = - qTK_1 Ü: K’1p = (USln9 K = Ko + JxjKj} 

T -1 -1 
= - q1K 'KjK 'p 

3Zd Tv-1 3K „-1V _-V . T -1 -1 3K_ „-1 
^ = qK K.K P + qK K.K ^ K 

qTK_1 + 

We must prove that "j I 32d 

for all h“(h1f..hn) . But 

"Ai0 

T„-1 , -1 

Xr 

+ hjKjlf^K^ífV = 2qTK_1HK“1HK"1p. the 

introduced matrix H * Jh.K is symmetric. With q = YP 

we then get: 

J ï 5¾ hA ■ Vk-wv - 

= 2y (HK-1p)Tk"1(HK_ p) > 0, since K-1 is positive 
definite. 

As a consequence of this theorem we get: 
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Corollary 4.3: The minimm weight problem subject to a 
collection of syirmetric displacanent constraints 
( e.g. one for each loadcase ) is a convex problem. 

5. Global displacanent constraints 

T —1 
Consider a displacement constraint q K p < a. We 

may "normalize" this constraint by normalizing the 
vectors p and q: 

'é**' ft* -WM 
An arbitrary displacement constraint may thus, without 
any loss of generality, be written: 

qTK_1p < a, where ||p|| ^ llqll = 1. Such a (normalized) 

displacement constraint is syirmetric if and only if 
q = p. 

Now, assune that, for a given value of a, we 

require that qTK”1p < a for all vectors p and q such 
that llpll = ||q|| = 1. This infinite set of constraints 
may equivalently be written: 

T ""I 
max {q K (x)p) < a 
p,q€S 

where S is the mit sphere, so that, for each x € X, 
the maximvm on the left hand side is taken over all 
vectors p and q such that ||p|| = ||q|| = 1. (This 
maximun clearly exists since, for each 

x € X, qTK-^ (x)p is continuous in p and q, and the set 
over vhich the maximun is taken in compact.) We will 
call this constraint a "globed displacement 
constraint" : 

Definition 5.1: The constraint dgfx) < a, where a is a 
given real nunber and the function d^ is defined by 

d,(x) = max fqTK-1(x)p), is called a global displace- 
p,q€S 

ment constraint. 

dçtx) = max {pTK-1(x)p}, it thus follows that dç. is 
p€S 

convex over X. 

As a consequence of this theorem we get: 

Corollary 5.3: The set (xexld^x) < a), which alter¬ 

natively can be expressed as {x€X|X^(x) > }, is 
convex. 

The convexity of the set fxGC|X^(x) > X^ ) alter¬ 

natively follows from the following theorem: 

Theoran 5.4: Let XR(x) be the smallest eigenvalue of 

the stiffness matrix K. Then XR is a concave f met ion 
over X. 
(Note: a function ip is concave if and only if -ip is 
convex.) 

Proof: Xv(x) = min (sTK(x)s) = min fsTK s + £x.sTK,s} 
- K ses ses J J 

* - Xv(x) = max{ - sTK s - ¡x.sTK.s) 
K ses o i j 

For a fixed vector s, the function within the brackets 
is linear, and thus convex, in x. From lerma 2.7 it 
then follows that - X^ is convex, i.e. that X^ is 
concave, over X. 

6. Saniglobal displacanent constraints 

Assune that, for a given value of a and a gi\|en 

load vector p, we require that q K P < a f°r 
virtual load vectors q such that ||q|l = 1. This is a 
sort of "ooipronise" between an ordinary and a global 
displacanent constraint, and we therefore use the name 
"saniglobal": 

T —1 
Definition 6.1: The constraint max {q K p) < a, where 

q€S 
a is a given real nunber and p is a given vector, is 
called a semiglobal displacanent constraint. 

A global displacanent constraint implies e.g. that: 
for any mit load applied on the structure, the 
displacement of any node in any direction does not 
exceed a. 

Using some well-known rules for vector and matrix 
calculus, see e.g. ref [5], we get: 

d.(x) = max (max fqTK 1p(^ * ma* f ^ ?\ ~ 
^ p€S q€S p€S ||K 'pll 

= max (||K 1pli ^ = llK 1|l = ^ 
p€S 

where XK(x) is the smallest eigenvalue of the stiff¬ 

ness matrix K. It also follows that 

cL(x) = max fp K pi. 
” pES 

A global displacement constraint dçtx) < a is thus 

equivalent to a lower limit on the smallest eigenvalue 

of K: XK(x) > where X^ = 1/a, but also to the 

infinite set of syirmetric displacement constraints: 

pTK-1p < a for all p such that ||p|| = 1. 

The maximizing q 6 S in definition 6.1 is easily seen 

to be q = K' »■£ . The saniglobal displacement 

IIkpII „ -1 „ 
constraint may thus be written: ||K p|| < a or, 
equivalently, ||u|| < a. (As before, u is the nodal 
displacement vector.) 

Since ||u||2 = uTu = pTK"2p, and since pTK"1p is 
convex over X (as was shown in section 4), one might 

2 
guess that also ||u|| is convex over X. Then the set 

{xex I ||u||2 < a2} = (x€X I Hull < a> would be convex. 
However, as will be shewn by the exarple to follow, 
this is not always true. Instead, we can state the 
following: 

Proposition 6.2: Semiglobal displacanent constraints 
may give rise to a nenoonvex feasible set. Also, 

||u|| and ||u||2, i.e. ||K'1(x)p|| and pV2(x)p, may be 
nonconvex functions in x. 

Consider the two-dimensional 3-bar truss shewn in 
fig 6.1. 
There are two variables: 

Theoran 5.2: The globed displacanent constraint 
f met ion 4, is convex over X. 

T -1 
Proof: Fran theoran 4.2 we know that p K (x)p is 
convex (in x) over X, for every vector p, and accor¬ 
ding to loima 2.7 the pointwise maximun function of a 
collection of convex functions is convex. Since 

x. = cross section area of elements 1 and 2 
1 (not elonents 1 and 3!). 

x2 = cross section area of element 3. 
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7. Natural frequency constraints 

The lead vector, applied in the nen-fixed node, is 
T p = (-1 , 2) . After sane calculations we obtain the 

following displacement vector: 

x2+3x1 

(The two ccrponents of u are respectively the hori¬ 
zontal and vertical displacements of the non fixed 
node.) 

Assuning (for simplicity) that a = ¿ , the saniglobal £ 
displacement constraint ||u|| < n becomes: 

(x2-5x^)^ + (Xj+Sx^2 < (x2+3x^x2)2 

The feasible set implied by this constraint is shown 
in fig 6.2. By direct calculations it is seen that 
the two points: 

, /741 /TÍ . ^Tõ* ( — , -g- ) and ( — ) 

are feasible, i.e. satisfy the above constraint. 
However, their m:.<%x3int is, also by direct calcula¬ 
tions, seen to be unfeasible. The feasible set is 
thus nenoonvex. 

Fig 6.2 Feasible set of the 3-bar problem. 

Hie natural frequencies m. of a structure are 
obtained from the generalized1eigenvalue problem: 

Ky * iiiMy 

, where K = Kq + is the structural stiffness 

matrix and M = M + [x.M. is the structural mass 
matrix. ° 3 -1 

An important example of a frequency constraint, 
the only one that will be considered here, is that no 
natural frequency should be less than a given number 
J . This may be written u(x) icJ11*11, where 
ui(x) is the lowest natural frequency of the structure 
(i.e. the smallest number u> for which chere exists 
a vector y t 0 such that Ky = i^ty). 

In general, constraints on natural frequencies may 
give rise to a nonoonvex feasible set. The constraint 
mentioned above, however, possesses the following 
attractive property: 

Theoram 7.1: let ai(x) be the lowest natural frequency 

and let u be a given positive real number. Then the 
set {x€X|u>(x) > u,mln> is convex. 

To provæ this theorem we need the following well- 
known result, which may be found in e.g. chapter 3 of 
refCSl 

Lcrima 7.2: If X is the smallest solution of the eigeu- 
value problem Ky = Xfty, where K and M are symmetric 
and positive definite, then: 

X=min 
y>0 L y My J 

Proof of theoram 7.1: According to the above lama we 
have: 

w (x) * min 
y» 0 

, where the introduced functions 
k(x,y) = y^^ + £x.yTK.y ¿nd m(x,y) = 

j ^ 3 

= y Myy + [xjyTMjy are linear in x and quadratic in y. 
We also have k(x,y) > 0 and m(x,y) > 0 for all x € X 
and y » 0. 

Now, consider Q = fx6X|ui(x) > umln) = 

= ixex|u.2(x) > where X^ = (,11min)2, = 

= fxexl > X1"1" for all y » 0) = 

= (xfx|k(x,y) > X^ix.y) for all y t 0) = 

= n (xex|k(x,y) > X^lx.y)). 
y»0 

For any fixed y t 0, the set (xexjMx.y) > X^mfx.y)) 
is convex, since k and m are linear functions in x. 
But according to lama 2.4 the intersection of any 
collection of convex sets is convex, and it thus 
follows that ÍÍ is a convex set. 
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8. Conclusions 

In this paper an investigation oonceming 

convexity properties in structural optimization has 

been accomplished. The investigation is not claimed 

to be exhaustive. It has been shewn that, although 

the problems in general may be nenconvex, tlicre are 

sane nontrivial special cases where the convexity of 

the problem can be proved, e.g. when the structural 

weight should be minimized subject to a collection of 
syimetric displacanent constraints and/or a global 

displacement constraint and/or a lower bound on the 

lowest natural frequency. 

It is reasonable to believe that there are other 

special cases, than the ones discussed in this paper, 

which also possess inportant convexity properties. 

Further research ocnœming these questions is thus 

reccnmended. 
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