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ABSTRACT
>y An adaptive grid, finite-volume method hae been used to solve the Navier-
Stokee equations for complete (forebody and afterbody) flowfielde around blunt
bx:lies. The code, which is applicable for axisymmetric <y two-dimensional
flows, allows the meeh to adjust during the computation to provide a closer
spacing of mesh points in regione of high gradiente, thus minimizing the number
of required computational points. The solution technique is explicit, utilizing
a maximum time-step advancement at each grid point to accelerate convergence to
the eteady state. The code has been fully vectorized for efficient eolution on
the CYBER 203 computer. A very flexible rezoning routine ie ueed to concentrate
mesh pointe anywhere in the field, either by a ueer-defined weighting function
or by allowing high gradient regions to adjust the grid. The grid adjuetment
routine is implicit ir nature and reprasents a very emall portion of the total
computat:onal coet. Curreantly, the code rune in approximately 1.6 » 1ﬂ‘§ﬂ

, S0 !
seconds per grid point per iteration. -

INTRODUCTION

The finite-volum: mathod of numerically eolving syetems of coneervation laws
has been successfully applied to a wide variety of problems in fluid mechan-
ics.l-ﬁ Its ability to maintain conservetion of mass, monentum, and enerqy
from cell to cell, even in rether complux nonorthogonal ccordinatee, makee it
particularly attractive for use with adaptive grid techniquee. For the purpoeee
cf this= paper, a finite-volume formulation (FVF) ie defined as a diecrete
approximation to a conservation law written in integral form which (1} uniquely
defines control volumes in such a way that control volumee {ceile) do not over-
lap nor are gape left in phyeical spece and {2) uniquely definee fluxee and
forces acting through cell walls so that summability without re:idue’ {coneerva-
tion) ie guaranteed. It differs from a finite difference farmu:lation (FDF)

only in tha vz & problsoz la approached. Foo example, given a ayetez of con-

eervetion lawe we might corsider the FDF as a discrete approximation to the
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differential form of the laws while the FVF is a discrete approximation to

the integral form of the laws. A review of various FVF's suggests that all
FVF's can be written as FDF's (and usually appear that way in the literature)
but not all FDF's can be written as FVF's. Furthermore, discretizing the
divergence formB of the conservation laws in general coordinates to obtain the
FDF does not guarantee that the formulation can be expressed as an FVF because
conservation is not maintained due to some confusion of how to properly define
the metric coefficients. Varicus ways of defining the metric coefficients to
overcome this problem have been given in References 5 and 9. The discussion
there leads cne to conclude that while there may be a certain amount of
ambiguity in how to properly define or discretize the metrics the problems can
be overcome without a great deal of difficulty. It should alsc be noted that
the FDF of a conservation law written in nondivergence form can in fact be a
conservative FVF. An example of such a scheme is presented in Refevence 10.

The discussion up to this point has been concerned with takirng a differential
form of a conservation law, approximating it by an FDF, and testing if it
satisfies the requirements of an FVF (or forcing it to satigfy the requiremente
by suitably defining the metrics). The apprcach taken in the presentation which
follows is to start with the integral form of the conservation law, approximate
it with an FVF on some generalized grid, and expand the formulation to eee what
FDF results. It will be sown that no special treatment of metrics is required
and in fact no terms which are readily recognizable as metric coefficients ever
appear. It is only when the FVF is expanded into a format more familiar ae an
FOF do theee metrics appear as ratios of the dimensions of cell wells to cell
volumes. Furthermore, the unexpanded form of the FVF iz ideally suied for
vectorization.

Within this framework a grid sdastion routine has been developed which
greatly facilitates placement of mesi points whera needed. A deecription of
how the adeption al,~rithm has evolved from the groundwork established in
references 11 and 12 to the current implicit adaption echeme will be presented.
Finally, eample calculations of supersonic flow over a Viking Aeroehell, includ-
ing flow in the wake, demonetrate the vereetility of both the FVF end the
edaption elgorithm through its ability to concentrete points not only in the
boundery layer but also in the free shear layer.

FINITE-VOIUME FORMULATION
Coneider e eystem of two-dimensional coneervetion lewe which can be

expreseed by the vector reletion




(F1 + Gj) * ds = 0O

a1

(la)
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where Equations (la) and (lb) are the differential and integral forms of the

conservation laws respectively, and i and § are unit vectore in the x and

y directions, respectively.

A control volume in two-dimeneional (or axieymmetric) space is determined by

a quadrilateral whoee vertices are defined by adjacent mesh points. The [i,5]

cell refere to the cell with verticee (i,3), (i+l.3), (i,3+1), (i+l,j+1).

Pointe of constant j index define £ coordinate linee, increasing £ in

the direction of increasing i.

coordinate lines, increaeing n in the direction of increasing

Points of constant i index define 1

Fig. 1). The flux through the wall defined by the points <(i, ., 1,3+)>
ie calculated using :iformation from the (i,j) vertex on the predictor step

and from the (i,i+l) ve tex on the corrector etep for odd time steps.

order is reveread for even time stepe.

The flux through the wall defined by

the points <(i,3), (i+1,3)> follows a similar pattern of definition, ueing
The FVF for the [i.j]

:nformation from the (i,j) vertex on the predictor step.

cell is written:
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where Alj is the eree of the [i,3] cell. Equetion (2) must epproximate the

integrel form of Equetion (1). The firet term of Equetion (2) must epproximate
the integrel of dU/3t over the entire cell. In the FVF we eet

A
— - r ¥ (qe)
it i3 Atij
— +1 n
%H n+l U2+1,]+1 i+1,1tl (4b)
Bli,3 Bt 1,901

Note the uee of a At which veries from point to point in Equation (4).
Now coneider e finite-difference formulation, FOF, of Equation (1) which
can be trensformed to

%g ar sﬂ ¥ 5; ac a (5)

where x = x(£,n), vy = y(£,n}. The FOF of (5) is written:
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The FVF (Eqs. (2) and (4)) and the FDF (Eq. (6)) are equivalent 1if
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A linearized analyaia of the FDF (Eq.

a one-step scheme ahowa the following:

xl-l,j) AE/Ai-l;j‘l (79)

i-1,5-1" 8VRA0 501 (Th)
(6}}, after it has been expanded into
(1) Equation (6} is a consiatent

rep: ~sentation of Equation (5),

(2) the truncation error for variable

Atij ia first order in time and can be expressed
E = :f;ii E;%i C+ E;%i ¢ %% + D g% (8}
where
Cs= %% ix + %% EY, D= %% n‘ + %g ny
and

hij(C,ﬂ) - At(E;n)/ﬂt(Eij.nij)

Note that E, = 0 if Atij = constant, and (3) the spatial truncation error is

b
of D(Az) where A is proportiunal to a cell wall dimension if all Ei, etc.,
are firat-order-accurate approximations to { s etc., and (C: + E;)/Z. etc., .

Ex’ etc.

For example

are second-order -accurete approximationa to These conditions are

formzlly satisfied by Equation (7).

(g; s £1/2 = £ v BEBE [y he Jygml + 2aldye ) b2 (9)

where J = x{yn - xnyg.
conaequently, it ia seen that while the FbF or FVF ia second-order-accurate

{for = conatant) excesa.ve stretching or skewness of the grid can

Lr
i3

introduce large factors of se¢cond-order terms. Furthermore, theae factora

multiply terms like 320/352, etc., and they contribute to the overall

artificial viacocaity of the method. At present, grid-induced errors are
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checked by comparing rssults cbtainsd for ths ssme Problsm on ths differsnt
grids constructsd from mors points or from diffsrant adjusting paramstsrs (sss
section on ADAPTIVE GRID). It should slso be noted thst whils Equstion (5) is
not in strict conssrvation form, ths FVF which modsls Equation (lb) is con-
ssrvztive in ths strict senss of summation without rasidus.7 For exampls,
regardless of the grid used, the FVF returns an exact uniform flow if 8 uniform
flow is us2d as an initisl condition.

It is notsd thst the equations and anslysis in this section srs for two-
dimensions] flow. An axisymnmetric sxtsnsion introducss only minor complics-
tions. Finally we point out thst ths FVF (Eqs. {(2) snd (4)) reducer to
MacCormack's method13 in Cartssian coordinstes. There sre sn infinity of other
wsys to define csllr and flux through cells con s geners] grid, ssch of which
lead to s ' 1ique FVF and uniqus dsfinitions of metric cocfficients for thst
particulsr FVF.

BOUNDARY CONDITIONS
Only s cursory description of boundsry conditions can be provided due to
space limitstions.

Well: U= va=Q,

Adiabatic wsll or constant wall tempersturs. ap/dn = 0O,
(n coordinsts normal to wsll)

Shock: Rankine-Hugoniot relstions for s discrsts moving shock sie
eprlied. Pressurs behind shock obtained from extrapoletion
from intsrior points.

Symometry: Limiting form of Jifferantisl form of govarning equstions
solved using MancCormack's method.

Outflow: Primitive variables obteined by sxtrepolstion.

ADAPTIVE GRID

Ths prasent grid edjustment schsme has evolved from ona which imparted
velocitiss to grid points based on gradients in the fisld 83 in Referencss 11
and 12 to one which rezones the computationel mesh using an implicit algorithm
at any desired frequency (i.e., once per time ELSP Or once per 1000 time stsps).
Criginelly svery point ({i,j) in ths computational plans wes connected to the
four adjecent points {irl,j), (i,j2l} by springs whoss spring constants
Ki, K; were determined by s function of the gredient. of some Jdependent
variable between the points. For exampls, the spring sloeng the ith row
connscting points (i,3) and (i,j+1) was defined
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i —
Kj= 1+ <:|fi'j - fi'j+1[/Ar (10)

where c is & conetant and Ar is the distance between the points. Grid
points on the boundariee were free to move along the boundary as if on a
frictionlese rod. Grid points on the corners of the domain were held fixed.
Small adjuetmente in the x and y directione were aseigned to grid points

as determined by the net forcee on the grid points in the reepective directions.
After every time step, the grid was updated and checked to make sure that no
grid overlap was imminent.

In a noninteractive teet case where p(x,y) was prescribed to model the
preseure field of an oblique shock crossing a uniform flowfield (p{t) = 0),
the grid evolved from one of equally epaced rectanjular celle to the one shown
in Figure 2. In an interactive teet caee where the solution pix,y,t) was
allowed to evolve with time, the final grid distribution (Fig. 3) is eeen to
be much more erratic than that of the previoue caee. The preseure field for
this case is shown in Figure 4.

By sacrificing the column to column (or row to row) influence of the epring
system (i.e¢., no springs between column i and column i+l) a euperior algorithm
in terms of computational coste and smucothnees of grid dietribution can be
constructed. (Smoothneee of grid distribution is a eubjective judgment. A
coordinate line whoes direction or length changee erratically from point to
point is judged nonsmooth.)

Consider the ccordinate line of constant index i as shown in Figure 5.

(11}

Let f. be a table of dependent variablee at the pcint e defined by

L E. L wp., £, eu, f v, f .= 12
P50 T3, 7 %y f,6 7 Vyr e 7y 1D

i,
The grid pointe in physical (x,y) space are mapped onto & etraight line in
s space. Let each grid point be connected to its naeighbor in s space by a
epring with spring constant lj between the j and j¢l points to be
defined later.
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Let Anj be the iistance between tha j and j+1 points in s epace.

Then K. 4n equals a constant. Therefore,

SIS

Anj = xl A.nlij 13)

The known total length of s can be expressed as

JN JN
Sige1 ™ 2 Anj - Anllcl 2 I/Kj = Anlltl sum (14)
j=1 j=1

vhare JN = total number of intervals. Coneequently,

Anl ® Spuey/ (K SUM)

An /(Kj SUM) {13)

3 % Sanel

The constants Kj can be definad explicitly or implicitly. An axplicit
definition of Kj assigns a value to the spring conetant independent of the
poeition of the epring in e epaca. For exampla,

K, = exp(-c1 * 3/IN) (16)

provides an exponantially increasing spacing of grid points from j = 1 to
j = SN where the conetant < is useq to control stretching. Thie definition
provides nc adaptive capability but doee provide a very quick way of con-
centrating points near boundarias.

An implicit dafinition of Kj assigns a value to the spring constant
which ie a function of the position of the spring in s space. For an
implicit case, the algorithm is implemented ae followe:

(1) Start at the firet column (or row) uf data and compute and etora all
the valuss of s, and f

jom’

(2} Initializ; Ej and nj equal to s

{3; Sat ITER = [TER - 1.

, for all j, ITER = 0.

(4) Ueing the known stored values of indapendent variable ’j and dapendent

variables !j n’ compute the new values of the dapendent variables dj n at
all nj with a univariata intarpolation routine whare dj 1" xj, dj 2" yj.

etc.

(5) Compute X, = K (4

3= K0y
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6) Compute the new coordinatee njy from Equation {15); set Pruel ™ SN+l
to keep nnd point valuee unchanged.

{7) Compute an error norm to determine convergence

S V-
L, = Z (nj - nj) (17

1f L2 < 0.0001, proceed to etep {9).
If ITER > 109, stop the procedure.
{8) Set Ej =ny for all j and go to step (3).
{9) Replace xj, yj. Dj, etc., with dj.l' dj,z’ dj.!' etc., go to
next column of data and repeat all etepe.
Typical defin’tione of Kj employ gradients of velocity, internal energy,

or Mach number. Fcr example,
Ky= 1+ c3]e(nj+1) - e(njxl/(nj+l - ny {18)

where ¢, can be ueed to control the concentration of mesh points in regionr
of high gradient. Examples of grid dietribution using these gradient adaptive
mechanisms will be presented in the RESULTS section.

In caees where a high gradient develops rapidly, ae in the vicinity of an
expaneion corner of a planetary probe, the adaption algorithm can have trouble
converging. Thie problem is overcome as follows.

(1) After step {4) in the adaption algorithm, the overall change in the

new grid distribution nj is Gamped by writing

n,e«c,n, +{l-c,n 19
j P ‘) j {19)
where 0 < e <1 lc4 ie typically of order 1/2)
{2) After etep {5) in the adaption algorithm, the values of the spring
constants are filtered by writing
n+l ! .
xj {xj_l + 2xj + ‘j+1’ /4; j = 2,IN-1 {20)

Often the convergence problems can be overcome by keeping the rezoning interval
small or by avoiding large charngee of <, in Equation (18) between retonings.
The najor advantage of the rezoning procedure deecribed herein is that it

provides a very quick way of providing an adaptive capability to the
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finite-volume formulation. The option to control razoning frequency allows the
grid to dynamically adapt to developing features of the flow (i.e. shock,
ehear layers) and then to be held fixed as ateady state is approached. The
rezoning procedure Can alec be used as & separate program to etudy the effecte
of monitoring various gradiente in the field cor using different dafinitions

of Kj.

RESULTS AND DISCUSSION

Tha finite-volume, adaptive grid algorithm described in the previous sectione
hae been ueed to compute supersonic flowfields over sphares, cylindars and two
planet’<y probe configurations. The most ccmpraheneive teste to date for
teeting the adaption algorithm have been on the Viking aercoshell (Fig. 6), a
configquration which protacted the viking lander for its descent through the
Martian atmoephere. Thie eection will deal exclusively with those reeulte.
The freestream conditione, M_ = 2, Y= 1.285, BRe_ = 5000, have besn chosen
topmucmmﬂwnﬂmtmtuuuofnhmmeM.smu@mtumunMM
at higher Reynolds numbere hava beer generated to dsmonetrete the capabilities
of the adaption elgorithm.

The grid ahown in Figure & was achieved with an explicit definition of Kj
(eq. (1€)) with clfsn = 0.15, 90 points around the body and down the waka
centerline and 31 points betwesn the body/wake centerline and the bow shock.
The preseure dietributlon around the body/wake centerlina ie preesnted in
rigure 7. Thie ceee was run to convergence in approximately 35 minutes of
computing time with a timing of =} ¥ 10-5 mec/its:etion/qrid point. Recent
changee in the code effecting the manner in which date ere stored have de-
creesed timirg to =1.6 ¢ 10”° sec/iteration/grid point.

An edaptive grid celculetion which moni tored velocity gradients was applied
to this ease problem. In the previous caee, the grid wae not euftficiently
stretched to adequately reeolve the poundary layer at the aeparation point.
Since the separetion region ie very important in determining the nature of the
fiow in the vnke,ls it was decided to Tun this ceee with 91 pointe acroea the
ehock lsyer. The converged qrid for Cy = 0.5 ie shown in Figure 8. 1In
defining the values of lj rear the wall, a teet wae inciuded that would
make % . =3, 3% 4 it ‘j waa previcuely lees than 3. Froa j=5¢to 9
the minimun ellowable value of Kj wee decreased linearly to tero. This

forcee a concentrstion Jf pointe nea: the body and in the wake. Preeeura

dietribution ie plotted in rigure 7. Compar ieons with numericel reaulte of
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Reference 1¢ for shock shape and prsassurs distributjon down ths wake Centerline
show gensrally good agresment in Figurss 9 and 7, respectivsly,

Scolutions for the higher Reynolds number cases (5 » 1o P S5 106) wers
gsneratsd 83quentially using the Previous rssylts ag initial conditions. all
of thass rssults are for laminar flow and 30 while ths highsst ones are physi-
cally in srror they test ths adaption routins's ability to rasolve ths largs
gradients associated with such flows.

Some intsrssting results of thssa high Reynolds Numbsr studiss are Presented
in Figures 10 through 17. The convsrged grid showing a concentration of
points in ths free thear layer iz presented in Figurs 10, Tha strsamlins
pattern around the expansion cornar of the vehicle and ALsociated Mach number
contours are presented in Figures 11 and 13. The outsr extsnt of tuseas figures
is dafined by the physical iocation of the 25th mesh point. The velocity and
grid point distributions along the n courdinete line (1=22) located juse
ahsad of the expansion corner are givsn in Figure 13 for Rem - 104 and 106.
These rasults werg obtained using twenty passes through Equetion (20) with
€y "= 0.5 and 1.9 Tespectively, The global intemel energy contour plot in
Figure 14 shows the high gradient regions in the shear leyer behind ths exparn-
sicn corner, the captured rscompression shock in the wake and a small, high
gredisnt shock-1ika region on the symmetry line just behind the base whars
recircylating velocities repidly change from Supersonic to subsonic. This
phenomenon was elgo obsarved in the rssults of Refsrence 14 $ing a different
nurerical epproech. The high gredient fres shear laver extends Approximately
ona-fourth maximum body radius beyond tha corngr after which point the gradisnts
rapidly decrease and the flow turns towerd the axis, Thers is a large region
just below the shsar layer of jow density [ > < oo, < .M recirculating flow.

A Mach number distribution along an n coordinats line (i=34), Figurs 15,
shows the high gradient region end distribution of mesh points through the
shear leyer. The complexity of the flow in this region end the ebility of
the adeption Process to concsntrete mesh points in the high gradisnt rsgions
awa, from the well furthsr demor:strete the versetiliry and sensitivity of the
adaption procsss.

CONCLUDING REMARXS

The rinits-volume Formulation (Fvr) dascribed harein has been shown to be
4 consistent and onservetive epproximation to the Navisr-Stokes equations,
The formuletion has a first ordar error in weve Speed. proportional to the

local velue of At, when ths local maximum time step is used to edvanca the
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solution at every point. The formulation is second order accurate when constant
time increment is used to advance the solutiun. However, at larye Reynolds
numbers (small cell volumes) the constant At advancement of the solution,
using one value of At that is stable for all points, is impractical because
many more iterations are required to converge the solution. <Converged solutions
for complete blunt body flows using approximately 3000 mesh peints can be
obteined within 30 minutes using the variable At option and adaptive grid
rezoning on the CYBER 203 computer.

In all of the problems considered herein adaption along only one coordinate
line s quite sufficient for the purpose of moving mesh points to high
gradient regions in tihe flow. Restricting grid motion zlong one coordinate
direction permits application of a highly efficient implicit grid adaption
procedure. The routive can be implemented at any desired frequency thus
permitting dynamic adaption or cost savings by adapting only after large incre-
ments of iteration count. Grid point concentration in the boundary layer and

free shear layer have Zemonstrated the success and versatility of the adaption

algorithm,
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Fig. 1 Schematic ehowing reletion
of indexing system, physicel (x,y)
coordinetes, and computstionel
{E,n) coordinatee.

Fig. 2 Nonintsrective example of
grid edapting to arescribed
prasssurs dietribution with two
degrese of adaptive freedon.
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Fig. 1} Intersctive sxampls of
grid sdapting %o computsd prsssure
distribution scross oblique shock
with two degress of sdaptive
freedon.

Fig. 4 Psrepective view of

pressure On (x,y' plane for

oblique shock celculetion on
interective ~rid.
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Fig. 5 Schematic ehowing spring
systes for one degree of sdaptive
freedom slong N coordinate line.




Fig. 6 ¢rid over Viking Aeroshell
obtained with explicit definition

of Kj ’ Cl,’JN- .15.
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Fig. 7 Pressure distribution
eround body/wake centerline of
Viking Aeroshell. M_=2, Re_=5000,
y=1.2B5.
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Fig. 8 Grid over Viking Asaroshell
cbtained with implicit definition
oF Kj' Re =5000.
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Fig. 9 Bow shock over Viking
Aeroshell for M =2, Re =5000.
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Fig. 12 Mach number contoure
around expaneion corner of Viking
Aeroshell, M =2, Ra_=106,

Fig. 10 Grid over Viking Aercehell
cbtained withaimplicit definition
ot Kyr Re =10°. -l
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Fig. 11 Streamlines around
expaneion corner of Viking
Aeroehell, M =2, Re_=105.

Fig. 13 Velocity and grid specing
dietribution along n coordinete
line ahead of gxpnnsion corner,
Re_=10% and 106.
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Fig. 14 Contour plot of internel
energy over Viking A roshell for
M =2, Re =10".
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Fig. 15 Mach number and grid
specing distribution through
sepereted shear layer behind
expansion corner along n coordinate
line.




