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SUI IY 

i The work of Hornungand Perry (1982) is reviewed in which the essential concepts of 
two-dimensional separation were extended to three-dimensional steady flow, and the vor¬ 
tex skeleton model and electromagnetic analogy were introduced. The model is extended 
to give a simple topological rule by which the vortex skeleton of a flow can be estab¬ 
lished from the structure of the wall streamline pattern. The important question of the 
occurrence of smoothly starting separation without zeros in the wall shear stress, is 
examined in the light of a new local solution of the Navier-Stokes and continuity equa¬ 

tion - 

Consider steady, incompressible, viscous flow over a simply connected body. Let the 
flow be uniform at large distances from the body, and let the Reynolds number be large. 
Vorticity is generated in such a flow by viscous friction mainly in the thin boundary 
layer at the body surface (wall). This vorticity can be carried away from the wall by 
viscous diffusion or by convection. At large Reynolds number the latter mechanism is 
the one that is responsible for carrying vorticity to distances of one ore more 

characteristic body lengths from the wall. 

The distribution of vorticity in the flow field around a body is very Important 
to the aerodynamicist. If it is known, the forces on the body may be determined fairly 
accurately by a relatively crude invlscid model of the flow. This model can be simpli¬ 
fied further if the vorticity concentrates into "ropes” of high vorticity within a 
relatively small distance from the body. A very descriptive illustration of how this 
may occur behind a wing was given by Lancheater (1907), a'te Fig.1. If this occurs, the 
distribution of vorticity may be represented approximately by a relatively small number 
of discrete vortices, whose locations and strengths must, of course, be known. 

It is not surprising therefore, that a great deal of effort has been invested in the 
study of the process by which vorticity is transported into the flow field ("separation ) 
and how the vorticity rehaves after leaving the surface. An excellent compendium of the 
\-irk on this subject has been given by Peake and Tobak (1930) (see also Tobak and Peake, 
1982). An example of sophisticated numerical work in the latter field is to be found in 

Saffman (1982) and a description of the field is given by Lugt (1979). 

For a calculation of the forces on a body from the disposition of discrete vortices, 

it is necessary to know their strengths and shapes. An even more basic requirement is 
the knowledge of the number of vortices which occur and their topological structure. 
In particular, changes from one to another topological structure of the flow field 
around the same body are of considerable Importance, for example, such as arise in the 
problems of missile aerodynamics. Such transitions cannot at present be accurately 
predicted theoretically, and only in relatively simple cases have they been mapped out 
experimentally. (An example for the case of thick delta wings is given by Szodruch, 1977, 

see also Szodruch 1980). 

The aim of the present paper is not to study the exact geometric modelling of flow 
fields, but to find a model which will reproduce the topological structure of three- 
dimensional, steady flows. It should be emphasized that our concern is not merely with 
the topological structure of the ualt streamlines (integral curves of the wall shear 
stress) but with that of the complete three-dimensional flow field. A terminology has 
been given by Hornung and Perry (1982) which allows the qualitative features of such 
flow fields to be described unambiguously. This work is briefly reviewed and extended 
to allow some of the features of the spatial topology of a flow field to be determined 
systematically from a knowledge of the qualitative features of the wall streamline 
field. In addition, the question of the occurrence of a gradually beginning three- 
dimensional separation (i.e. without points at which the wall shear stress is zero) 

is examined in rome detail. 

2. TWO- AND THREE-DIMENSIONAL SEPARATION 

The essential feature of steady, two-dimensional separated flow is that there 
exist two half-saddle points in the streamline pattern. They occur on the wall and are 

joined by one and the same streamline, see Fig.2. The half-saddle points are called 
separation and reattachment point respectively and the special streamline joining them 
is somet'mes referred to as a separatrix. It separates a region of closed streamlines 
from the remainder of the flow field. A few accompanying features are that the wall 
shear stress is zero at the two half-saddle points, and that backflow occurs at the wall 

between them. 



if by no means 80 easy to deecribe in three-dimensional flow. The 
?>,that “i1“® îr!: if1'“1 is the e<luivalont of a saddle point in three dimensions? 

vector* Whichec^n!! t h10? i|Lthree dilnenslons? The wall shear stress is now a 
equivalent*of H^ratrîx? Zer° at 8eP«ratio"' « Anally, what is the 

th» ?f.theî? ^eat10"8 gives a clue as to how one might start in extending 
flow a streL?,iJWi¡ ah?e8ínnal 8eparablon t0 the spatial situation. In two-duaenslonal 
.uífcc* is^IeSL »aparate two regions of the space. In three dimensions a 
VLSI l i needed for this purpose. To find the logical extension of the two-c.im*nsional 

for “ particulãraítr«Lt0/hreerdim®n8i0nal flOW' U 18 necessary to Icok 
those Stre™?iñ«« streamsurface in a given fl«.-v field is definid by 

whichrPa88 through a given curve in the three-dimensional space. 

the defining cuív^cíôsed.) * Pr°bably ^ famiUar in the f°rm "8t«amtube«, where 

bv its thrae-dimenslonal flow field is only uniquely determined 
by its defining ourva if it does not bifurcate anywhere, just as, analogously, a stream- 
dlZl Ínfa>,?fV*n bwo-dimensl°nal flow field may only be uniquely defined by J point if it 
half a«rtrfï’ÎfUr<wa a!jlywhe!;"• Stra“Zin*a in two-dimensional flow bifurcate at Saddle or 

it’ ^example at the separation or reattachment point. The 
Í f?i0I\tO..!;hre« dl,nen8ion8 Of the separation and reattachment points of two- 

dlmer jionel flow is therefore to be sought in etreameurfaee bifurcation lines on the 

An example of how streamsurface bifurcations may occur in three-dimensional flow 

súrfa°rsqUè™rõesVÜÍH i"/19-3'/?* the bifurcation “ne PQ on the wall, the stream- 
di5Í5á! î; g! d ?Us “P into a vortex. At the same time the streamsurface S, 
divides at the streamsurface bifurcation line P’Q* on the wall. The streamsurfaces i and 

emer9e fro®, and flow into the three-dimensional analogues of half-saàdle 
1-a' 8tfaam8“rface uii.'rcation lines) and are therefore the logical extensions 

°5_ÏÎJ* SK?íratrífeS 0f bwo'dlmens)onal flow. They are the free sheets of the stream- 
thes^!r^íf«íCa»i0n8‘ Tí" 'i“"1 ficant difference from the two-dimensional case is that 
gh ? 1 1 8tfea!“urfac*s do not in general, form closed regions of the space, l.e. 
o- ana S2 are not the same streamsurface. r 

concepts and their Implications are discussed at greater length and with 
show! iv,8UPP° by^Hornung and Perry (1982). Among other results, their work 
flow conc?Pt »brength of separation" becomes meaningful in three-dimensional 
fi«Vrt. d tbat„c°“Plif«ted topological structures of steady, three-dimensional flow 

de8C“bed unambiguously by the types and disposition of their bifurcation 
configurations 8hoet8‘ They Proceed to classify a number of frequently occurring flow 

f°f ÏÎ10 ^gestiona that arose is whether it is necessary for a streamsurface 
i f“rCat °n.lln%t0,îtart aí a P°lnt where the wall shear stress is zero, or whether 
it can start gradually, without a zero-shear point. An often-observed example of the 
form0r case is shown in the sketch of Fig.4 in which a negative streamsurface bifur- 
‘-a^°",8t“b8 fr°" * saddle in the wall streamline pattern. This pattern also shows a 
?Thltl ? b“urjation line starting smoothly, without a zero in the wall shear stress. 
(The notation positive means that the streamsurface divides into two in the direction 

bLiÍnVnand ï E?/018?;’ E*P*rl“*nt* certainly suggest that both smooth and zero-shear 
inverti9 V bifurcation line8 «re possible. This question is examined in more detail 

3. THE VORTEX SKELETON MODEL 

m. K^i10 ‘palitatlve features of the structure of a steady three-dimensional flow 
may be described unambiguously by the bifurcating streamsurfaces of the flow, such 
descriptions become extremely cumbersome except for the simplest configurations. If only 
methoo f®atures arf.to h? deecribed, an equally effective and much simpler 
methoo -nntists of representing the flow field by a finite number of discrete vórtice» in 

tributed1I1vírtirithethaíidity»^f thÍS model dePends on the assumption that any dis¬ 
tributed vortlcity that may be present does not alter the spatial topology of the flow. 

ordor t0 illu8trate the two methods, a number of frequently observed flow 

Fin0?11^"8 ar? Pï08nntÜd Fi9•,8 5'6'7 *nd 8 taken from Hornung and Perry (1982). 
Fig.5 Shows simple U-shaped separation by means of the bifurcating streamsurfaces that 
occur. Figures 6,7 and 8 show the flow structure that sometimes occurs at sting-bodv 
»ke^io"8 /"ethods. This last example makes the superiority of the vortexY 

">ethod particularly clear. Only six discrete vortices are needed (see Fig.8) 
to present the topology of the flow field, in which a total of 18 free sheets of 12 

.hí8wíifíC0 bifur®atl°n8 occur. (Bifurcations that occur in the flow field, l.e. not 
at the wall, generally have four free sheets.) Clearly, it becomes extremely difficult 
to present the latter in a sketch, see Fig.7, while the presentation of the vortex 
skeleton of Fig.8 is relatively simple and provides corresponding information. 

assumption that all the vortlcity of the flow is concentrated into discrete 
®°ur8e' incorrect. However, the aim here is to represent only the 

h0J1OW C°"?Ctly- Tbl! for example, that the number andconnec- 
tlvlty of the nodes, saddles and bifurcation lines of the wall streamline pattern are 
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to be correctly reproduced. It turns out that, whenever a pair of such critical 

points (node and saddle) occurs on the wall, it is associated with a concentration 
of vorticity in the vicinity. For example, in the U-shaped separation of Fig.5, one 
such node-saddle pair occurs in the wall streamline pattern (A, F). This is asso¬ 
ciated with the vortex formed by the rolling up of the streamsurface S.. The con¬ 
verse is not necessarily the case, i.e. a vortex may be so weak and distant from 
the wall that it does not cause a saddle-node pair to occur on the wall. However, 
since our interest is in the vorticity that is spilt into the flow from the 
boundary layer, such vortices need not concern us. A more Important way in which 
a vortex might occur without a saddle-node pair on the wall is through a gradually 
starting negative streamsurface bifurcation, similar to that proposed schematical¬ 
ly in Fig.3. Supposing for the present (see also section 4) that such smoothly 
starting bifurcations are possible, it is a relatively simple matter to establish 
the following topological rule: 

The minimum number of discrete vortices required to represent the spatial 
topology of uniform flow over a simply connected body is given by the equality 
limit of the inequality 

V ^ P + S, '1) 

where V is the number of vortices, P is the number of saddle-node paKs in the wall 
streamline pattern, and S is the number of those negative streamsurface bifurcations 
in the wall streamline pattern which do not start at a saddle point. 

Consider, for example, the flow of Fig.6. The wall streamline pattern rontains 
six saddle-node pairs and all negative streamsurface bifurcations on the wril start 
from saddle points. Thus, P * 6, S * 0, so that six vortices are needed to present 
the topological structure of the flow, see Fig.8. The fact that the body is chopped 
off at front and back means only that, were it closed, two additional nodes (e.g. 
front and rear stagnation point) would occur in the wall streamline pattern. The 
vortex skeleton model of a particular flow, for which the wall streamline pattern 
is known, can thus be established cystematically by arranging the number of 
vortices prescribed by the rule (1) appropriately. 

A large amount of distributed vorticity always resides in the boundary layer 
near the wall. However, the presence of this distributed vorticity does not intro¬ 
duce topological features such as nodes, saddles or bifurcation lines in the wall 
streamline pattern except through the formation of a vortex, i.e. by distributed 
vorticity concentrating into discrete bundles. Thus, the topological structure of 
the wall streamlines is not affected by the distributed vorticity in the boundary 
layer, but is correctly reproduced bi the vortex skeleton model wich the assumption 
that the flow outside the vortex cores is irrotatlonal. The exact shape of the wall 
streamlines is, of course. Influenced by the distributed vorticity, but their topo¬ 

logical structure is not. 

Such a model can be simulated directly by the electromagnetic analogy, in 
which the vortices are replaced by wires carrying electric current, so that the 
induced magnetic field corresponds to the velocity. The uniform flow field can be 
simulated by a current-carrying solenoid coil generating a uniform magnetic field 
within itself. Solid surfaces, at which the velocity must be tangential in the 
fluid mechanical analogue, can be simulated for a plane wall by the method of 
images, i.e. by Introducing a mirror image of the vortex system on the opposite 
side of the wall". In order to show the wall streamlines, for example, iron 
filings may be scattered on it and exposed to the magnetic field. The electric 
current carried by a wire corresponds to the strength of the simulated vortex. 

In order to illustrate the use of the method, Fig.9 shows sketches of six 
types of symmetrical wall streamline patterns occurring in separated flows, together 
with their simulation by the electromagnetic analogy. In each case the topological 
rule, equation (1), is satisfied. In Fig.9f the two vortices have to disperse into 
"boundary-layer vorticity’ at their leading end. In the electromagnetic analogy 
this has been achieved by joining the two wires with a copper plate parallel to 
and near the surface. It could also be achieved by joining the two wires at their 
upstream end with a wire which is far from the wall. Such connections (far from 
the surface or with distributed currents) are disregarded in courting the number 
of vortices for the purpose of equation (1). I.e. V ■ 2 for Flg.9f. 

In some of these simulations the experiment was embedded in an overall field 
which converges near the wall in order to simulate the situation on the lee side 
of a slender body. This was achieved by two additional vortices flanking the 
region of interest. Equation (1) is not violated by this step because of the in¬ 
equality sign which allows for such weaker or more distant vortices. 

• 4. GRADUALLY STARTING SEPARATION 

In this section the question is examined as to whether it is possible for a 
negative streamsurface bifurcation line to start forming gradually at a wall, with¬ 
out the wall shear stress becoming zero anywhere. It is necessary to discuss this 
question because this kind of separation is certainly observed experimentally (see 
e.g. Kreplin, Vollmers, and Meier, 1982) as well as numerically (see e.g. Nang, 1982) 

while at the same time it has been the cause for some dispute (see e.g. Nang, 1981). 
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illustrate the fact that experiment certainly suggests that this is so, 
furêatTo V? two surface oil flow picture-- of Fig. 10. Fig. 10a shows two negative bi- 

from DO?nti whêre8then2 Î^V“0 8addle °f the wal1 streamline pattern, i.e. 
h h 11 hear stress is zero. On the other hand, Fig. 10b shows two 

mav of couÍ!Í«Ca^i0n ¡ü"68 líhÍCa !tart *raoothly, without a saddle. Similar effects 
ay, of course, also be produced by the electromagnetic analogy (see Fig.9). 

« fo?íe tra"sition from the flow type of Fig.10a to that of Fig.10b may be imagined 
emhedrtirt'181 Consi?er “vortical node and a saddle in the wall streamline pattern to be 
embedded in a region, i" «hich the wall shear stress falls smoothly in the flow direc- 

strê.s Fig na^ivesaaaskftrh “/fî!*"0?,11 ’ Consider the magnitude T of the wall shear 
and r f^8ketfh of the wall streamlines in such a situation. Fig.'s 11b 
At the s^L>ht?mehih pa“?rn is expected to change as the distance d is reduced to zero, 
points 8Fig rshSThÄ: 8 proflies of T along the lines joining the critical 
stress’no ?õnler h k1 P5ocess may he extrapolated to the case where the shear 
tress no longer quite reaches the value zero and the bifurcation line starts smoothly. 

may bê studïtwheo^ th?if ^ ^ the ilcinlty ot critical points or bifurcation lines 
tinuitv £ fci l8vt0 seek local eciutions of the Navier-Stokes and con- 

equations by expanding the velocity vector in a Taylor series in terms of the 

?h 1 r^rin8^%r^an<\Fair.U? ‘l97"' Hornu"9 -d Perry .1982»? G^ñy on?y 
increases r!^Tdí? Í retained, ac the number of terms in each component 
t?«n? P dly with ®a?h new vector term. Such solutions give asymptotic approxlma- 

ons which converge within a region of validity r < R around the point r - 0? see 
Fig. 12, the error being of tlie next higher order in r - Vx> + v1 ♦ zT 
retained term. ’ Y than the last 

fyz 

which^as^he ?"ÏLÎng8fi™?talned * 80lUtl°n t0 8 degenerate case 

u -- exy2z ♦ 0(r5) 

gz2 ♦ ex2y-: ♦ 0(r5) 

" -- fz2/2 - ex2z2/2 ♦ ey2z2/2 ♦ 0(r5> <2) 

p/u * - ex2z ♦ ey2z ♦ 2gy - fz ♦ P0/»» ♦ Olr*), 

cosi?vUind'eW y' Z " co™Ponents °f velocity p and u are pressure and vls- 
e f and a A.Li2 f t °onatanfs- For “ particular choice of the constants 
b¿ seffdthis V °'.9 Î °' thl8 aolutlon fa “fetched in Fig.13. As can 
efufflfn m tfff character of almost two-dimensional separation. A feature of 
ft 2 thft th fnartia terms in the Navier-Stokes equation are unimportant 
to this approximation, the pressure being determined entirely by the viscous terms 1 

nrnKiff gl,nfa’ the flow of Fig. 13 does not seem to have any relevance to o 

oí t“yf£m8een With a Uttle imaginatf°"' fhat superposition of 

our 
a 

fÎ°dîîfa,a Y*11 afroamline pattern similar in character to that to be expected 
near the beginning of a negative bifurcation line. Naturally, one cannot just super- 

out^that^the^ter™ fj;la "onlinear 8ygf;m of differential equations. Indeed, it turns 
í i (3) causes an addlt. onal term in u to become necessary, which, 

this time, arises from t .e inertia terms The new form of u is thusi 

- exy2z ♦ kz - kfz /(24v) ♦ 0(r5), (4) 

??!re I la..thT ^"“»atic viscosity. The o .her components of velocity and the pressure 
are not affected by theSte additional ter-*. The solution (2) with u replaced bv (4) 

an asymptotic approximation satisfying the Navier-Stokes and continuiti 
equation and the no-slip condition at z - 0, to the stated accuracy. y 

Choosing f<0, e>0,k>0and setting g 
for the wall streamlines becomes (z - 0) 

0, a' - - f/e, b* - k/e, the equation 

V 
Û — - b' - xy’ ' (5) 

(X, y( - (a, ♦ VWi). 
(6> 

with'a1 í*n°st8ih* of validity of the solution. The solution of equation (5) 
foïf-îof ? Tk0:5, 18 Praaant"d f" fig.14. As can be seen, the nature of th?. 
ífífi1 that “xpacted for a gradually beginning bifurcation. Of course this 
local solution does not only give the wall streamlines, but the whole three-diiMnsioi»i 
ow fi«ld near the beginning bifurcation. It gives mathematical support to the 
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suppoiitlon made in section 3, that negative streamsurface bifurcations may begin 
smoothly. The wall shear stress is not zero anywhere in this solution. 

5. CONCLUSIONS 

The work of Hornung and Perry (1982) has been reviewed, in which the essential 
concepts of two-dimensional separation had been extended logically to three-dimensional 
steady flow, and the vortex skeleton model and electromagnetic analogy had been in¬ 
troduced A simple topological rule has been given, by which the minimum number of 
vortices necessary to represent a flow over a simply connected body with a given wall 
streamline pattern may be determined. It has been shown that the electromagnetic analogy 
is usually sufficiently accurate to represent the topological structure of a flow pattern, 
distributed vorticity being unable to Introduce topological features such as nodes, 
saddles or bifurcations. Finally a local solution of the Navler-Stokes and continuity 
equations has been obtained, by extending a solution given by Perry (1983), which has 
all the features of a gradually beginning streamsurface bifurcation, with everywhere 
finite wall shear stress. 
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Fig.1 ! Lanchester’s (1907) sketch of vorticity being concentrated 
Into a vortex rope behind a wing. 

Fig.2: In two-dimensional, steady-flow separation, two half¬ 
saddle points occur at the wall. They are joined by 
a streamline which separates a region of closed 
streamlines from the rest of the flow field. 

Fig.31 Example of three-dimensional separación. The free sheet S. of 
the negative streeunsurface bifurcai ior line PQ is not the 
same as the free sheet S, of the a 'rompanying positive 
bifurcation line P’Q'. 
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Fiq 4: Example of three-dimensional separation in which the negative streamsurface bi 
- furcation starts from a saddle point in the wall streamline pattern. At the 

same time the accompanying positive bifurcation line P'Q' starts without a 

critical point a) wall streamline pattern, b) perspective sketch. 

Fig .5! Simple U-shaped separation, port side showing wall streamline pattern, star- 
board side showing perspective sketch. Apart from a negative bifurcation AB, 
a double free b furcation DE and a positive bifurcation FG occur. Of the five 

free sheets S. s the only one that rolls up into a vortex. 

Wall streamline pattern and one of the free sheets of the separation pattern 
sometimes observed at sting-body junctions of axisymmetrlc K dies at zero 

incidence. 
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gj-2-7It becomes extremely difficult to sketch the 12 bifurcation lines and 
their 18 free sheets in the case of "stlng“body" separation. 

i 

EA3;8! Equivalent information as that of Fig.7 can be conveyed more easily and 
more effectively with a presentation of the vortex skeleton of the flow, 
shown here together with the wall streamline pattern. 

£19._9ai Wall streamline pattern for simple U-shaped separation, sketch and electro¬ 
magnetic simulation. One saddle-node pair occurs, all negative bifurcations 

saddles, i.e. P*1, S*0. Hence 1. One vortex only is needed in the 
skeleton. 



j 

Fiq.9b: Owl-f«ce pattem of the first kind. P*2, S*0 so that V>2. The two vortex- 
wires cast shadows onto the wall. Only two wires were used. 

Fig, jc: Owl-face pattern of the second kind. P*3, S*0. so that V*3. 

I 
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PPpiSSS
Owl-f«c« p«tt«rn of tlw fourth kind. P-3, s-0, so that v>3.

ri9-tti Supsratlon with two saoothly-buqlnnlng nagativu bifurcation llnaa. Ho critical 
points occur on the bifurcation lines. P-0, S-2, l.a. V»2.

■4
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riq»lOt Ex«apl«s of turf«c« oil flow visualization photographs showing bifurcation 
lines starting with and without a point of zero wall shear stress. Proa 
Oippes (1983)« and Kreplin* Vollners and Neier <1982) respectively.

_i-



a) b) c) 

Fia.11! bifurcation line starting from a saddle-noce pair: As the distance between 
- the saddle and node is reduced to zero (a-<0 the degenerate case c) results, 

where the magnitude of the wall shear strer.s, T, just reaches zero. 
Fig lid) shows that, when this process is extrapolated, the smoothly starting 
bifurcation line results, in which T does not reach zero any more. 
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Flq.13t Perry'1 (1983t solution equstion (2), for almost two-dimensional separation. 
The plane z*0 Is the wall. The streamlines In the plane of symmetry (x*0) are 
those of two-dimensional separation. 

i 

1 

Fig.1«: Mall streamlines near the beginning of a smoothly starting negative 
bifurcation line; numerical Integration of equation (S) with a*0.5, 
b-0.5. 




