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Fig. 3. Schematic of deformations at the free surfa-e.

For the matrix, equilibrium requires:
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or, applying Eq. 1 and introducing the yarn volume fraction, 87
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The shear stress reaches a maximum, for each axial location, at the

inter face H
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When the interface is intact, and the yarn and matrix behave elastically, we may define an average
shear strain:

Y - Vg — UE (‘)

Tm
which can be related by Hooke's law, to the interface shear stress:
1’;=GY (-')

Here, G is an "effective" shear modulus that represents the i'iber and matrix in appropriate
proportictis and accounts for our use of maximum shear stress in combination with average shear
strain. This effective shear modulus may be derived by expressing the average shear strain at given
axial location in terms of the average shear strains in yarn and matrix:

V- Y5+ T, (-3) (s)
Applying Hooke's law:
v . T ¥y . T
x‘z %E and, Y,,‘= E?.‘- (9)

where the average shear stresses are:
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" SI;L = va cuk(le) (25')

For a specimen of finite length, the gradientdﬁé;at midlength will not, in general, be zero. Thus,

the actual maximum Yarn stress {at x = O) can be expressed as:

¥
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Equating Eq 25 and 17, at x = 0, and using Eq 26, we get a definition of A:
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At this point, 45 is undefined. To proceed, we return to consideration of the axial stress in the
yarn., From Eq 5 and 26:
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Introducing Eq 24 and integrating:
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The yarn axial stress @ at the end of the elastic region {(x = x') may be estimated and used in Eq
29 to provide a second relation between A and 45 :

(d8f - &) % (%)
2 (cosh(mx') 1)
If no debonding occurs in the specimen, and it behaves elastically over its entire length, the fiber

stress at the end of the elastic region (x = L) is zero. If debonding does occur, the fiber stress
at the end of the bonded region (x = x'€ L) is given by Eq 41 (derived in the next Subsection).

We solve for ¢5 by equating Eq 27 and Eq 30:
]
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In this-analysis, we solve for x' numerically by requiring that the shear stress at x' be the
interfacial shear strength. An iterative procedure first assumes an arbitrary value of x', solves
for 45 and A, computes the elastic shear stress at x' from Eq 24, and if that value does not equal
the shear strength (from Eq 49, below), assumes a new value of x' and repeats the calculation and so
on until the discrepancy is negligible (less than one percent of the shear strength).

The change in length of the matrix, in the bonded region, is:
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Introducing Eq 1 and 29, and performing the integration, we get:
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The corresponding length change of yarn, in the bonded region, may, with the aid of Eq 6, be

estimated as:
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Frictional Shear Stress

If the elastic shear stress at the primary yarn interface exceeds the interface shear strength,
debonding will occur and the yarn may slip relative to the matrix. A frictional shear stress will
exist at the interface. We assume this frictional shear stress 7' is the sum of two factors, the
product of a friction coefficient s and the compressive stress @®, acting across the interface,
and a constant *¥* representing resistance by other effects, such as mechanical interlocking between
rough interface surfaces:

e V- ue (3s)
The transverse compressive stress arises from the minimechanical interactions between the transverse

yarns and the rest of the composite (which includes our primary axial yarn). Because shear lag
phenomena apply also to the transverse yarns, the compression will vary with distance from a
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transverse free surface. At a transverse surface, the compressive stress on the primary yarn will
approach zero. Toward the center of a large enough body, the compressive stress will approach a
maximum value e’" that, for each set of transverse yarns may be estimated as (eg, Ref 2):
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where :(J is the composite's thermal expansions
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and v is the yarn volume fraction in the appropriate direction. For illustrative purposes, we
simplify the analysis to deal only with square primary yarns in a matrix characterized by equal
distribution of yarns in the two transverse directions. Then:
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where 2
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and Ve is the total volume fraction of yarn in the composite, usually in the vicinity of .7 to .75.
The task of estimating the compressive stress distribution in a slender bar specimen is not trivial
as it would require iterative application of the shear lag analysis to the primary and transverse
yarns. To illustrate the effects, we define a factor V :

s YT , 9" ! (4e)

and we consider two examples in the application of the analysis: ') @ = 0.1 as applying
approximately to the corners of a specimen, and 2) = 1.0 (maximum compression) as providing a
bound to the situation at the specimen centerline (Figure 4).

We assume further that the frictional shear stress is invariant with axial position. Then, by
integrating Eq. 5, we find the distribution of axial stress in the yarn to be:

'
S, = 27 - 2z x!
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The change in length of the yarn in the debonded region is: s‘::.:‘&
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and the length change of matrix is: ",H
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Performing the integrations, we get: it
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Fig. 4. Yarn positions.
Total Length Change of the Specimen on Heating

From Eq 44 and 45, and Eq 33 and 34, it is clear that the length change measured in a thermal
expansion test will depend on whether the test technique reads the length change of the matrix or of
the yarn. The total length change of the matrix region is the sum of the length changes in the
bonded and debonded regions:

v
Uy * ‘luh+ "u.

~ (4¢)

Similarly, the total length change of the yarn is:
¥ el fr
“.‘ ® u.‘ + u; (41)

The difference between these two length changes is the surface roughening shown in Figure 3.
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ILLUSTRATIVE RESULTS

The shear lag analysis is applied here to the prediction of thermal expansion data as a
function of the technique used for mrcasurement of specimen length change. The various specimen
configurations and length measurements used for 3D carbon-carbons are sketched in Figure 5,

The first example deals with analysis of "matrix" expansion u,f and yarn expansion u",
providing calculations that may be compared to Lander's data (Ref. 7) for flat-ended and
protruding-yarn specimens, respectively. Lander tested 2-inch long specimens taken from the
outer-diameter region of a woven cylindrical billet, oriented in the billet's axial direction. We
used the input properties shown in Table 1 and implemented the analysis using an estimated yarn
volume fraction of 0.19 and a unit-cell radial dimension, ry,, of .07 inch. Figure 6 shows the
analytical predictions to be in reasonable agreement with Lander's data up to about 2200 C (4000 F).
Correlations above 4000 F were not attempted because the analysis does not currently include
creep/relaxation effects, which are important at higher temperatures.

The predictions are shown as lines in Figure 6; the top solid line is the prediction for the
corner of a flat specimen where the frictional stress is reduced because minimal compression can
exist across the yarn interface; the bottom solid line is the prediction for the centerline region
of a flat specimen that is sufficiently large in cross-section to exhibit maximum compression at the
yarn interface. The lines tend to bracket Lander's data, suggesting that the analytical model is
capable of predicting the major effects in such specimens., Also shown is the predicted response of
the yarn, which corresponds to data from protruding-yarn specimens. The difference between
predicted responses of yarns at the corner and centerline is negligible, so only one dotted line is
plotted. In Figure 7, these predictions are compared to the theoretical response of the bulk
composite (estimated by Eq 37); we see that the yarn responses are quite close to the theoretical
value, whereas the matrix response is a substantial overestimate.
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Fig. 5. Various end configurations used in thermal expansion testing.
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Fig. 7. Discrepancies between predicted measurements and theoretical expansion of bulk composite.

Figure 8 shows the predicted roughening (in hundredths of an inch) of a flat end-surface and
the predicted extent of debonding. Figure 9 shows the predicted variation of yarn axial stress and
interface shear stress, for the centerline region.

Additional analyses were done to explore the effects of specimen length (actually, the key
variable is the ratio of specimen length to unit-cell dimension, r,) and yarn volume fraction. For
these calculations, we assumed the yarn experiences the maximum transverse compression. Thus the
data provide a low-bound expansion for the centerline of flat-ended or spherical-ended gpecimens.
Also, the interface shear strength was taken as 2000 psi, rather than the 1000 psi used in analyzing
Lander's data.

The effect of specimen length on predicted expansion data to 4000 F is shown in Figure 10, for
a yarn fraction of .21 and a unit-cell radius of .07-inch. We see that the potential errors from
using flat-ended specimens decrease as specimen length increases. It may be of interest to note
that the specimen lengths used for expansion measurements on fine-weave carbon-carbons (eg, Ref. 10)
were sufficient to make such errors nearly negligible; to achieve similar accuracy with the coarse
weave composites such as the billet Lander studied, we would need specimen lengths in the order of
ten inches. The predicted surface roughening and the length of debond are insensitive to specimen
length, in the range studied. The yarn stress generated at the specimen midlength is within one
percent of the theoretical value, even for the shortest length shown; this is consistent with the
length of the shear-lag region shown in Fig 9. Thus, the assumption of full compression
across the centerline yarn interface may be close to reality for specimens about 3/8-inch in
cross-section. However, as noted earlier, the proper analysis of the transverse compression is
complex, so the implication just stated should viewed cautiously.

The effects of yarn volume fraction on predicted expansion data to 4000 F are shown in Figure
11, for 2-inch long specimens having a unit-cell radius of .07 inch. Potential errors in the use of
flat-ended specimens increase significantly at low values of yarn volume fraction. This finding may
aid in explaining some of the very high values of radial-direction expansion reported for some
cylindrical billet materials (eg, Ref. 6).
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CONCLUDING REMARKS

The shear lag analysis shows that thermal expansion data can be sensitive to the details of the
measurement technique, especially to the length of specimen used and to the manner of measuring its
change in length (Figure 5). Potential errors are larger for specimens of smaller volume fraction
of yarns in the direction of measurement, and for coarse-weave composites.

On the basis of the findings, the use of flat-ended specimens should be discouraged. The use
of spherical-end specimens is preferable to flat-end specimens; however, significant error may be
experienced due tu surface roughening. The use of pin-ended specimens should provide quite accurate
data if the pin rests on the end of a yarn and is of a diameter smaller than the yarn cross-sectionj
otherwise, data from pinned specimens may be influenced by roughening at the base of the pin. (The
shear lag analysis could readily be extended to treat the effect of pin depth). Of all the
configurations shown in Figure 5, the most accurate appears to be the protruding-yarn specimen
(Fig. Sc/d which was first used by Lander in the end-effects study of Ref. 7,

Many of the properties that are inputs to the analysis are not well known. It is recommended
that research be directed toward measuring transverse properties of yarn bundles, in-situ properties
of matrix-pocket regions, establishing the appropriate efficiency factors to account for
pre-existing microcracks, measuring yarn interface strengths and friction coefficients, all as
functions of temperature. While some data of the types listed is available, more is needed for
specific materials of interest.

It would be worthwhile to attempt experimental verification of the predicted debond lengths and
surface roughenings.

Currently, the analysis does not treat creep/relaxation effects, which are undoubtably
important at temperatures above 4000 F. ZExtension of the analysis, and the acquisition of relevant
constituent creep data would be worthwhile. Other extensions of the analysis should also be
attempted. These include treatment of rectangular-section yarns, allowance for differing volume
fractions for the two sets of transverse yarns, and better treatment of the compressive stresses
that influence the frictional shear.

Motivation for the suggested further work includes the belief that shear lag analysis is a
powerful tool for studying the structural response of 3D carbon-carbon components near free
surfaces. In comparison to finite-element analyses of mini-mechanical interactions, the shear lag
approach is simple and inexpensive; the simplifications (including neglect of Poisson's
interactions) and lack of rigor (in the sense of elasticity solutions) are compensated for by the
ability to treat approximately such phenomena as inter-constituent slip, which are difficult to
model .'igorously.

NOMENCLATURE
ol = thermal expansion coefficient, secant value
Y = shear strain Subscripts

O = extensional stress
¢ = compression
T = shea. stress
f = pertaining to yarn

E = Young's modulus
i = pertaining to interface

G = shear modulus
J = 1index defining a yarn direction

L = half the length of the specimen
m = pertaining to matrix
S = ratio of yarn radius to matrix radius
T = transverse to the yarn axis
T = temperature
e = extensional strain, total
r = radial distance, or radius
u = axial displacement
v = volume fraction of yarn

x = axial distance
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