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Application of a Random Choice Method
to Small Amplitude 2D Shockwaves

AD-P007 ?P2R
I 1111 I! 1111 1111 Mathematics Department

California State University-Northridge
S" " Northridge, Ca 91330

Abstract spatial mesh interv.aL More importantly they provide
Sampling techniques and exact solutions of Riemann valuable information on %ave interaction.
Problems are used in a random choice method. This Godunov [1] initiated utilizing the solutions of the
procedure is used to obtain the numerical solutions of a Riemann problems as building blocks for the
sýstem of conservation lav.s which describes the dynamics construction of numerical solution of the nonlinear
of flow for small amplitude two-dimensional shock'waxvs hyperbolic partial differential equations. Godunov
An intrinsic coordinate system is used to formulate the replaced the initial data by a piecewisc constant states
model with jump discontinuities at the middle of spatial mesh

interval. Then the exact solution of this Riemann
I Introduction problem at the first time step is calculated. To proceed
Axuracy of numerical solutions and efficienc, of to the next time step replace this exact solution 1- a new
numerical schemes are major concerns in obtaining piecewise constant state approximation and solve the
numerical solutions. Moreover, the numerical solution corresponding Riemann problem and maintain integral
z: :he jump discontinuities called shocks should remain properties of the conserve variable.
sharp. stable and transports the discontinuities at the Another utilization of Riemann problems in obtaining
correct physical speed. Random variables have been used the solution of conservation lav was initiated by Glimm
to control numerical dissipation or to control numerical 121 who followed Godunov as far as obtaining the exact
viscosity. Basically, random variables appear either as a solution of Riemann problem and then the valuc of the
component added to the deterministic equation to study new approximated solution at the new time stcp is taken
the effect of numerical viscosit- or they are used to to be the exact solution evaluated at a random point on
sample the solution at a randomly chosen point to obtain that mesh intervaL This solution is conservative on the
a numerical solution which prescrves some mathematical average, hoever, has the advantage that near jump the
properties of the solution function. The purpose of this solution is incremented either by the amount of jump or
paper is to present a random choice method for not at alL This forces that an initially- sharp
computing the numerical solution of two-dimcnsional discontinuities remains sharp. Chorin 131 developed
small amplitude shock-aves. The numerical random Glimm's random choice method into a numerical
sampling procedure is a shock capturing and a marching technique. The random choice method by its way of
time method for solving s)stem of conservation lav's. construction propagates shocks without introducing any
The random sampling procedure consists of dissipation and the method is unconditionally stable.
approximating the numerical solution by a piecewise However, because of approximating solution at a
constant state at each time step and proceeding to the randomly chosen point a small amount of statistical noise
next time step by solving the corresponding problems enters into the solution which is acceptable within the
formed by the constant on the neighboring spatial accuracy imposed by discrelization of model problem.
intervals. It is well-known that the exact solution of non-
linear s)stem of partial differential equations arising in
fluid flow problems even with smooth initial data 2 Two-Dimensional Flow Problem
develops shockis (jump discontinuities) in a finite time The equations describing the two-dimensional flow of
interval. Thus it is not unnatural to approximate their shock'aves with a source term in fluid dynamics for
initial data with constant states. compressible fluid may be written in the form
The sampling procedure is based on approximating the
numerical solution of the given problem with a sequence (1) ur 4 f(U~x~g(u)y=h(u,x,y, t)
of elementary problems, kvown as the Riemann w-here f and g arc physical fluxes, h is a source term and
problems. These Riemann problems can be thought of the unknown quantity, u is a function of x, y, L Denoting
as information source about the solution within each the front coordinate by a and letting the coordinate B be
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the arc length measured from a reference point along the given by (2)-(3). One of the advantages of formulation
front, then the successive front positions are given by the of a model problem using geometric shock dynamics is its
family of curves, a = constant and the ray positions by simplicity. To develop a random choice method first we
the family of curves, B = constanL By using this intrinsic must define a random variable defined over closed
coordinate system a B (see Whitham 181) where a and B interval 1-%_, %]. It is absolutely necessary that the
are functions of x, y, t, equation (1) can be written as successive values of the random variable tend to

(+ G(W, P) approximate equi-partitioning the closed interval [ -%_, %
(2) w+F(w) = ((see Glimm 12I). To generate such random variable let

subject to the initial condition given by us consider a sequence of pseudorandom integers

(3) W( O W) = 0(P). generated by

(7) N. N Nk+[- - (rr-dk)Equations relating x and y to a and B are given by . 6

x, =(i+½hm4) cos(O) x,=-Asin(O) where k is an odd positive integer and No is an arbitrary
integer less than L Let us define an equidistributed

.= (U + m4 sin (0) yp =ACOS (0) sequence random variables, an on the interval [-, •.
given by

Here e is the angle that each frcnt makes with the N 1
positive x-axis. A is the cross-sectional ray-tube area, and (8)
m is the acoustic Mach number. For small amplitude k 2
tm-dimensional shockv'aves we have We introduce front-ray grid defined by mesh

A '~-0 lengths Aa and Ap. T1he solution of (2)-(3) is to be
w="AO F(w) (m4-02)/2 calculated both at arid points, ie.. at

0 / P(n, j) = (nAcr, jAP)

and at the center of rectangle grid point, i.e., at

(4) G(w) 0 P(n+½/2, j+½h) = ((n+"/2) &a, (j +1/2)a&P)

- = Am 3  where n and j are integers. We denote the approximatc

4CZ, valueofwatthearid pointby w- = (nAcz, jal)
where C is the local sound speed, + is the nonlinearity Following the outline given abov- let us onsider the
constant which depends on the media and Z is the area
under the initial pulse. For a detail discussion of these crresponding local Riemann problem to (2) when front

equations see Zakeri 141-151. To solve (2)-(3) we use isat naa alongwith the piecewise constant initial data
operator splitting method to remove the inhomogeneous
term G(w. a, B). That is, first we solve the given by

corresponding one-dimensional homogenous problem, (9) R, + F(R) p = 0

(5) w. + F(w)0 = 0

by sampling procedure and then we use its solution to R (n.a, [) =<

determine the value of the inhomogeneous term. G(w; a,
B). Finally we solve the corresponding ordinary 7.
differential equations (ODEs) given by where

(6) w. = G(w, a, [3). J=j-½12(-l)'

To solve (6) we use a common ODE sohwvr such as = i+

Runge-Kutta or a multi-level method- .=/(1+S (n .1)

i.e. e = 0 or I whenever Ocn+ is negative or non-
3 Numerical Scheme negative respectively. The Riemann problem here is
We develop a numerical scheme to compute the
successive shock fronts using gcomentrical shock dynamics sampled at (j+ ½) [ and at (j- ½) .
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When On+1 is non-negative the initial data for Riemann
problem formed by using information at grid points R = lirm R(a, 13) R2 = 1imR(ct, 1)
P(n,j) and P(n,j+l) and if ,n+l is negative then the 0-P*
inmial data is constructed by using information at grid The jump conditions for system of equations (4) are
points P(nj) and P(nj-1). At point P(n+Y_, j+%.) we, given by
define

0+1/24 _C 62-0 1
j + O/2 (n+½).ac) ad& A2 -A2

On each mesh interval we get a local Riemann problem. 2 2
In order to assure that the waves produced by this (12) 2 = - 1

sequence of local Riemann problems do not interact we da 2 (A.02 - A 0l)
must have

(10) C A 2 m2 = ,Am).
A(< The entropy condition is given by

This important requirement is kni-n as Courant- F(R 2 ) -F(R) F(R.) -F(R,)
Friedrichs-Lewy (CFL) condition. If inequality (0)
holds then we can combine the solutions of the Riemann - R2 -R
problems (9) into a single exact solution- for any R between R2 and R1 . The entropy satisfaction

is a major concern for numerical approximation of
4 SolItion of Riemann Problem solutions of nonlinear fluid flow problems. This simply
The main part of a random choice algorithm is obtaining means that the computed solution converges toward the
the solutions of a sequence of local Riemann problems correct physical solution as the mesh sizes of intervals
efficiently. The solution of a Riemann problem consists along a and B approach to zeros. The above inequality
of three elementary w-aves., a back-ard shock wave or can be wTitten as
rarefaction on left. a slip line, and a forward shock or a
rarefaction on right A slip line is a discontinuous E(R) =F((R2) +_A (R-R 2 )
solution separating two constant states such that the da
angle of flows remain the same on beth sides of the satisfying the following inequality
disconrnuitv line while Mach number is arbitrary. Slip
lines are one family solution betwcen the backward and (F(R) - F(R) ) (R, - R 2 ) > 0
forward waves, Le., between rarefactions and shockls. To where E(R) defines the chord connecting left and right
solve the Riemann problem (9) we follow Lax 161. Let us limiting points across the shock. The entropy related to
consider the following initial data for system of equataons the first omponent of F is given by;
in (9)

02-0 02-01:::: ; 1 2 2 1

(11) R(n,&a, 13 T,& A2 (J-A A2-A,

(, 2t >JP for any A between A, and A2, and between 0and 9
where subscripts 1 and 2 refer to values of w just behind Simil2r inequalities hold for other components of F
of and just ahead of the discontinuity respecti-ely. If
these two values are equal then the solution of (9) is a 4.1 Rarefaction Waves
constant state and its value is equal to the value of initial Rarefaction waves arc two families of solutions curves,
data. However, if these two ,alues are different then the forward and backward waves. In this section we compute
initial jump discontinuity will propagates in the form of the simple rarefaction waves of system of equations (9)
a center expansion vave and/or a shock (ic... jump wiiich can be reformulated in the form
discontinuity satisfies the entropy condition.) or a contact
discontinuity. In order that solution converges to a UV, + H(U) Uo = 0
unique weak solution of (9). it must satisfies the where H(U) = H(A, O, m) is 3 by 3 matrix given by
Rankine-Hugoniot jump condition and the Oleinik
entropy condition. At the shock, let us define the values
of R(aB) just behind of and just ahead of the shock by
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choice method developed hert with those solution$

'0 -1 0 obtained using the method of characteristics. CoInsiclef

H {= the initial condition
U H 2AA(O, 0) =1

2 A e(0o0) = r12

"The eigenvalues, 1L and thier corresponding eigenvectors, 0 otherwise
e of the matrix H are together w.ith equations (2) and (4). The results obtained

! %vith both methods were very close to each other. The

AIe = 0 numerical calculations show that the convergence of the
2A 2 0esolution toward the exact solution is independent of

S 2A -2pA/,j choice of the odd number k in (7) as long -is k is
For the system of equations in (9) the simple rarefaction bounded. In addition, the method is numerically stable-
waves are the continuous solutions of (9) of the form All the striking physical features of s)stem of equations

(2) and (4) is observed, Le., as the initial forit

R, if I R)propagates into the rest state the center of iiuIip
a becomes flat and this flat region propagates on both

(13) U(a v) (-) if tS (v) directions untill the front becomes a flat surface.
1 if S> IL (R2 ) 6 Conclusion

The numerical solutions show that the method is stable
where v is an interal cuwr e of the sector field of the and correctly describes the important physical feature of
corresponding eigenvector connecting the two constant the solution of the model problem. The various cboi6es
states such that the corresponding eigensflue, to cf random number generators do not have any effect ov%
increasing be-een this to constant states from left to the accuracy of computed solution as long as the randrun
right. Since the matrix H has three distinct eigenvalues, variable tent toward the equipartitioning of the gh-wra
there are three possible rarefaction waves through any inteal
given state. These rarefaction aves are the integral Biliography
curves of the vector field defined by each cigenvector of Binio irephymatrix H, i~e., each eigenvecor is tangent at each point [l] S. K. Godunov, "A finite difference method for uahe
of integral curve. Thus for the eigenvector e numerical computation of discontinuous solutions ofcorresponding to the eige oraue p of matrix H, the fluia dynamics, Math USSR Sb., 47, 271-290, (1959).intceral curves are solutions the following system of h 2e J" Glimm, 'Solutions in the Large for Nonlineor
equations Hyperbolic System of Equations, Comm. Pure AppiMath-, 18, 697-715, (1965).

dA_ -dO_ dm 131 A. J. Chorin, "Random Choice Solutions of
P - 2 - 2 A/€• Hyperbolic systemsl, J- Comput- Phys-. 22, 517-3•5,

(1976).
If p 0 then the integral curves of its corresponding [41 G. A- Zakeri, *Geometric Structure of 2D Wtak
eigenvector, e = (1, 0, 0) are curves where e and m are Shock Waves", Appl. Math. & Camp.. 33, 161-Ig3,
both constants. Hence a simple rarefaction wave of the (1989).
form of (13) exists if the left and right values of e and m 151 G. A. Zakeri, 'Numerical Results for Wavcftrpt
across the shock are equal, in addition, p must be an Tracking', J. Wave-Material Interaction, 3, 127-134,4
increasing function of 0 and m from left to right across (1988).
the shock. Therefore there is no A-rarefaction wave. 161 P. D. Lax, "Hyperbolic systems of Conservation l 1aos
0-rarefaction wamvs. If p is not zero then the integral 11, Comm. Pure AppL Math., 10, 537-566, (1957).
curves of its corresponding cigenvecor are curves where 17] 0. A. Oleinik, Amer. Math. Soc. TransL Sen. 2, 33,
m 2 A is constant. There are tvo families of curves where 28ý-2% (1963).
0 is either positive or negative along each integral curve. 181 G. B. Whitham, Linear and Nonlinear Waves, Jrpirn

Wiley & Sons, (1974).
5 Numerical Experiments
We compared the numerical solutions using the random
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An Algorithm to Estimate Parameters
for a Stochastic Linear Compartmental System

P. M. Simpson D. M. Allen
Biostatistics, MCVIVCU Statistics, POT, UK

Richmond, VA 23298-0032 Lexington, KY 40506

ABSTRACT. LIear compartmentai systems have traditional deterministic model, these are the rate
compartments with flows to and from the compartments. parameters).
Of interest, is the estimation of the constants, 0,
governing the flows. In the particular system considered, Diamam 2:
only onee cnmpartment, out of several, is observed for n 826 -
cases over k time points- A stochastic model is used with Cc-part- C•art- C4l~rt-

. et i 0e, nt 812 sent 3
a maximum likdthood approach taken to the estimation of , ' t 1 4-,

0- The algorithm involves iteratively using an estimate of le.
9 to solve differential equations which describe the t

system, and improve on the estimate of 0 by adding a cca

constant multiple. a, of an increment &. .len s results
rre incorporated to obtain required derivatives. Due to
non-zero correlations, a modification to Jeunirch and It is oassum p that a bol2s injection is gien in com rtemet
Moore's results is made, involving using both the L and only compartment 2 is obser'ed, at times I a
observations andi then cross-products, to obtain 60. a is Let 0o be the initial conctration in cop t I and
determined with Fletcher's method. A program in Turbo C(t) be the concentration at time t.Then

Pascal implements the algorithmO 
C, (t) . 1 00

been a useful tool in pharmacokinetics (Wagner (1971)).

The body is thought of as a series of compartments, with C, (C)

a drug moving between any of the compartments. For
example, Gladike et 2l. (1979) p. 36, suppose that thebody may be represented as three compartments - plsa STO~tLATIC MODEL . For the "particle model', as
body m aycle and resented ascutar e A coinitaltmu einjts- uio ~ discussed by Purdue (1974a). it is assnmed that there aregiven and the levels of the dra g in,the plasma are N particles in the system acting independently. Transitions

monitored from time to time. The drugs %%ill flow from beten compartments follow a Markov process, with the
muscle to plasma- Additionally, flow will be between the transition probability being constant. The resulting system

extravascular s)stem and plasma, and from plasma to the of equations is as follows:

outside., as depicted in diagram I dP(t)fdt = Pt)AT. -()

Diagram I:

where P(t) = (p,(t)) is a nousinkular 3x3 matrix with NIt),

mi~ ,= 1.2-3, the probability of a particle transferring from
"FP *'lJ compartment "i" to compartment 'j" in time t and

For simplicity, this paper will be restricted to a three 02 3
compartmental system of this typ,• with compartments
1,2-3 and the outside, as compartment 0; flows have a
parameter attached to them as in diagram 2, (In the 0 = (0, 0, Ok ) 0) Tis to be estimated.
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Under these assumptions it can be shown that the exact THE ALGORITHM. Suppose that the k~x5 matrix of
distribution of C(t), given C(O) is a multinomial (since only partial derivatives with respect to 0,, i=0, 1 ....- 4 is denoted
C,(O) is nonzero), but the distribution of C(t,), given C(t., by dpidd. According to the IMA, for a given 0, replace 9
is a convolution of multinomials. Thus, to write down the by O+ab9,where
exact distribution of the concentrations in compartment 2 for
ttL .... tk when k is large is impossible since 't would =[4 -2 -1 d T. IL)
consist of many sums whose, limits ace complex. Uring a d) do d
diffusion approximation, it has been demonstrated that the
concentrations over time have a multivarizte normal This requires that
distribution, Lehoczk-y and Ga'%er (1977). Hence, the (1) P(.) and its derivatives with respect to 0 be obtained
distribution of the concentrations in compartment 2 have a (2) Z9 be calculated.
(marginal) multivariate d;stribution. with mean and (3) An appropriate a be found.
variance-covara-c watrix the same ýs that given by the
particle model . Simpson ( I9Sg) has !nowA that an estimator
derived from the maximum likelilrood equations, using this (1) P(.) and its derivatives:
approximate nornma -rsbution, ;s still a consistent For this compartmental system. P(.) and its de.-i,-atives c-n
asymptotically norm-s' .- 'r, if the particle model is the be calculated analytically. However, to maimain generality
correct one. Thus., An alg,-rit-im -ras written to estimate 9 for the program, it was de.ided to obtain P(.) and its
using the approxizn'e u.orma. Jsrisbution. derivatives by applying the method developed by Allen

(19n7) to columns of P(.).
Suppose that X.- is the concentration in compartment 2 for
person i, i= 1,2 .... n at time t,, j= 1.2 ... k. k- = The. stept, for each column nf F, are as follows:
(XIX .. X) are the k obeivations of ith case- X,,X:.... (iŽ Fi,,- so that
• are independently and identically di-,-ti -bu*ed as a normal - kAR = T , a triangu:2r matrix.
variable with mean and variance which are fPunztievs of the - R7R = I, the identity rztrix
probabilityn matrix P. By considering a vocaor' c.,:priscd of
the sufficient statistics of the covariance of X, it cia •e (ii) Using R, obtain a triangalar system of equations;
that a normal'y distributed random vmaiable is A lie:ar so, a back-ward solving tecinique can be used, with
exponential and so the algorithm of .ennrich --A Moore the initial conditit. P(..- = I satisfied.
(1975) ,hence referred to as JIMA, can be use-d .o --•rd the
approximate maximum likelihood estimator. We .•k. the For any 6,, a' 1.2.3A., t,- equation (1) becomes
k~xl vector Y. where k,= k(k+3)n2 and d.

n n n- 5 ft-)=V,(C)4R TaARR7X(t),Y÷= 1a _ ,Edt--%Yir X i: X. . . . . . . .u "rI o

n =, ~RV, (t) = CX( 0

r= 1 r:1 r- 1
ri r=I Y=1

n 2 n and Allen's method can be used again to solve for V,(t),
E.............. E X2X with V(O)= 0, as the initial condition
Z=I r=1

n n Q() Calculation of b6:
jX?.. 1 , 2 Xr.k--Xr- Using Wilkinson's algorithms, Wilkinson (1971), a

c- -i Cholesk-y decomposition is used to find V%, where
n V- •(r)'r=E. Using this, the following equation is solved to

E X 2 rk] obtain b0:

Using properties of normality,Y has a mean, p(O), and Y,=2X/1 (yYl1)
variance-covariance matrix, E(O), which is a function of the !,.u 50=tL,
mean and variance-covariance matrix of X, and therefore of
P, also.
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SWagner, J.C.(1971) Biopharmaceutics and Relevant
Fletcher's descent method, Fletcher (p.26, 1980) is us:d to Pharmacokinetics. Hamilton, Illinois.
find a•. It uses the first derivatives only. Assuming uniform
continuity conditions, it will achieve, at least, a local Wilkinson, J.H. and Reinsch, C. (1971) Linear A
optimum if an optimum exists and if the starting value is Springer-Verlag, Heidelberg.
close enough.

SUMMARY. A stochastic approach rather than the
traditional detamninistic model approach is taken to a
particular compartmental model, where only one
compartment is observed. An algorithm is developed which
,.ses the JMA to obtain maximum likelihood estimats from
a diffusion approximation. The program is written in Turbo
Pascal and can be generalised:
(i) to other linear compartmental systems,
(ii) for & to be functions of time,

Work is being done:
(iii) to incorporate measurement error in the model
(iv) to include people variation

An important step for its general use would be to
incorporate this program in a general pharmacokinetic
program so that, in a user friendly environment, its
estimates could be easily compared to those obtained from
other methods.
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