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Abstract
We discuss the relationship between the norm of the local discrete least squares poly-
nomial approximation operator, the minimal singular value oanin(P-) of the matrix PE
of the evaluations of the basis polynomials, and the norming constant of the set of data
points E with respect to the space of polynomials. Since these three quantities are equi-
valent up to bounded constants, and since umin(P=_) can be efficiently computed, it is
feasible to use amin (Ps) as a tool for distinguishing good local point constellations, which
is useful for scattered data fitting. In addition, we give a simple new proof of a bound
by Reimer for the norm of the interpolation operators on the sphere and extend it to
discrete least squares operators.

1 Introduction
Let Q2 be a bounded domain in Rtd, d > 1, and let EE= {•,.., } be a set of scattered
points in Q. Given the values fi=- = (f(•i),..., f(6r))Tof an otherwise unknown function
f : Q -- l+., we want to reconstruct f from these data. The least squares method consists
in choosing some linear independent functions Pl,... ,p, on 9-, n < m, and computing
the coefficients al,... , as, E R that minimize the t2 norm of the residual on

l fij --P I--112 - ( f ( P (6 ) 12 ,

with p = al 1p + + anp,- E P := span{pl,.. ,p,,}. Let P51 := span{pl 1=,... 1I}
If dim5P0= = n, then the least squares solution is unique, and we denote it by Lp,=.f.
Note that the minimum norm solution available in the case of a rank deficient problem
(dim PIn= < n) seems less useful since in general it does not reproduce the elements of P
exactly.

The computation of least squares approximation Lp,.f of f is expensive if 7n and
n are large. To obtain a scattered data fitting algorithm with linear complexity with
respect to the size of data, a two-stage method [8] can be employed which consists in
1) covering the original domain Q) with a number of subdomains Qk each containing
only a small subset Ek = Ef nQk of E, computing local approximations to the data in
-k, and 2) using the information obtained from these local approximations to build the
final approximation of the (possibly huge) original data set. The least squares method
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Approximation power of local least squares 347

can be employed in the local approximation stage, especially to deal with "real world"
data usually contaminated with errors or just containing undesirable "high frequency"
components.

If P is chosen to be the space fld of algebraic polynomials in d variables of a suitable

degree q, then n (d+). To achieve high approximation order, it is desirable to choose
q such that n is only a little smaller then m. However, this is not always possible due to
the rank deficiency or ill-conditioning of the least squares problem, which is especially
difficult to control if 1,..-, ým E Ek are unevenly distributed in Qk. This difficulty can
in principle be overcome by constructing, for each =k, a suitable subspace of higher
degree polynomials (least interpolation space [2]). If, however, the polynomial degree
is not allowed to exceed a fixed small value, then a common practical approach is to
choose larger sets Ek C E, with m substantially greater than n, see e.g. [4] where it is
suggested to use for local least squares approximation m = 11 points if P = H12 with
n =6 and m = 15 points if P = H2 with n = 10. However, even these higher m provide
no guaranty that the matrix

P E :p i = 1 , ... m , j l . . n ]

of the local least squares problem will always be well-conditioned. Moreover, for some
data, this method may lead to the use of inappropriately distant points for the local
approximation.

The purpose of this paper is to draw attention to the fact that the conditioning of
the matrix Pxk is not only the issue of numerical stability of the computation of least
squares. Indeed, the reciprocal of the minimal singular value umin(P-n) of PE provides
a bound for the norm of the least squares operator L-p,, if both m and n are small.
Therefore, the approximation power of local least squares depends on OUmin(PE) and
the best approximation from P. Since amin(PE) can be efficiently computed for a small
matrix PE by well known numerical algorithms, it is feasible to use it as a tool to
decide whether a particular portion of data is suitable for building local least squares
approximation from P with reasonable approximation power. If 'min(P•) is too small,
then either E or P should be modified, e.g. by adding more points to E or using an
appropriate subspace of P. A two-stage algorithm for fitting large irregularly distributed
scattered data sets employing the conditioning of the local observation matrices Pnk is
studied in [3, 5].

The paper is organized as follows. In Section 2 we discuss the relationship between
*the norm of the discrete least squares approximation operator, the minimal singular
value amin(Pn), and the norming constant v(P, E). As a by-product, we obtain a new
proof of a known bound for the norm of the interpolation operators on the sphere [7],
and extend it to the discrete least squares operators. Section 3 illustrates the above
concepts in the univariate case, when they are also related to the separation distance of
n, while Section 4 is devoted to a discussion of the least squares multivariate polynomial
approximation.



348 Oleg Davydov

2 Bounds for H]Lmn]I and approximation error

Let pi,. . . , pn, be linearly independent continuous functions on Q C 1Rd spanning a linear
space P. Since all norms on a finite dimensional linear space are equivalent, there are
positive constants K 1 , K 2 such that

n

Kiijajj2 '5 Eajpj • K2 1iaJ12  (2.1)
j=1 C(Q)

for any coefficient vector a = (al,.. , a,)T E JR.
Given _ = {•,.--, ,} C fQ, we consider the matrix P- C lR×" as defined in the

introduction. Obviously, rankPn = dim lP . If P=_ has full rank, then dim Pin = n,
and the least squares approximation Lp,=f is uniquely determined, giving rise to the
operator Lp,= : C() -* P C C(Q).

It is easy to see that Lp,= exactly reproduces the elements of P, i.e.,

Lp,=p = p, all p E P. (2.2)

Therefore, a standard argument shows that

If - Lp,--filc(o) <- (1 + IijLpii)E(f,P)C(Q), (2.3)

where E(f, P)c(c) denotes the error of the best approximation of f from P in Chebyshev
norm,

g(f,P)c(q) := inf 11f -pilc(p)-
PEP

Thus, an estimate for IiLp,=nlI immediately gives an upper bound for If - LP,n fiic(o).
The norming constant v(P, E) of E with respect to P [6] can be defined by

v(P, E) = min IPIIl=io/iipllc(o). (2.4)
PE'P

Given any matrix A, we denote by amin(A) the minimal singular value

amin(A) = mr IIAxII2 .

Recall that if A has full rank, then amin(A) - IA+1121, where A+ is the pseudoinverse
of A, see e.g. [1].

Theorem 2.1 If rank PE = n, then

Ki/ojmin(Pn) _ ILp,-II < K 2 v'M/umin(PE), (2.5)
1/V(P,E) ILp,=ll < v), (2.6)

Kiv(P,)_) O'min(PE) • K2 vm (PM,E). (2.7)

Proof: We first prove (2.5). Let Lp,nf = _ ajpj. It follows by a well-known result

in numerical linear algebra that the vector a = (a,, .... an, )T can be computed as the
product of the pseudoinverse P+ of P] with the vector f J-. Therefore,

J1aj12= IiPJtFfj1112 < IIPIl 2I1fjlI 2 =0`min(P-)Ilfl-1 2.
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Since IILp,=fllc(Q) • K 2 ]ja[[2 and 11f1=112 _< vrm1f1=11. • V IIfIIc(Q), the upper
bound in (2.5) follows. To prove the lower bound in (2.5), we choose a function f C(Q)
such that

iIP+f 1:112 = IIPI1121I1fh112, IIfIn•II = IflIc(Q),
which is obviously possible. Then by (2.1) we have

IILp,,flIc(Q) > KjIIPjf[=_[2 = Kjo-i( (PE•)Iflj-II 2,

which implies the desired lower bound since 11fII-= 2 _Ž IIlfIInil = 111IIC(o).
Since IIL?,-fllcprn _ v-(P, QIl(Lpnf)I nI, the upper bound in (2.6) follows by

Jj(Lp,=f)Iall. <-[lj(Lp,af)[alls ` <-fIflzll _< v,/MlfIIC(Q).

To prove the lower bound, we denote by P an element of P for which the minimum in (2.4)
is attained and choose a function f E C(9) such that f 1i -piS and IfIIca(Q) 11= ISl11-.
Then by (2.2),

lILp,=nfIC(Q) - IpI[[c(Q) = V 1
(pl,)IIIlpl-o = -V(P,)[Ilc(o),

which implies IILpýll->/2- 1(P,
We finally establish (2.7). For any p G P, let p = 'j.1 aypj and a = (a,,... ,an)T.

Then pin = Pna and hence
11p 1 11 . <5 JP ~ oa]12 :!- v/ M IIPI lll . .

Since
amin(Pn) = min IIPnaI 2 /j1a12,aER'

(2.7) follows by (2.1). C

In view of (2.3), the upper bound in (2.5) implies

If - Lp,nfiic(o) •_ (1 + K 2 v/-Y/ormin(Pn))E(f, P)Tc(C), (2.8)

which shows that the approximation power of discrete least squares proportionally re-
duces if a.min(PE) (or zv(P, 7)) is small. We will discuss some practical consequences of
this fact in the next two sections.

Although zv(P, E) gives tighter bounds for IIL•p,nII, otmin(PE) has a clear practical
advantage that it is easily computable by using e.g. the singular value decomposition of
the small "local" matrix Pn. On the other hand, the norming constants were used in [6, 9]
to derive estimates for the approximation error of radial basis function interpolation and
moving least squares, respectively.

Remark 2.2 If pl,...,p, is an orthonormal basis for P, then hail 2 = IIPIIL 2(Q), P=
En= 1 ajpj, and the constants K 1, K 2 in (2.1) are closely related to Nikolskii constants
of the space P, namely,

K 1 - Ný,0(P), K 2 =N ,2(P),

where
Nqi,q2 (P) := max IPIILq, (Q)/IIPI[L(), 1< ql, q2 • 00.

pEP -2



350 Oleg Davydov

In particular, if Q = Sd-i, the unit sphere in Ld, and {pi,... ,p,,} is the set of spherical
harmonics forming an orthonormal basis for the space P = Hd of spherical polynomials
of degree q in d variables, then it is not difficult to prove that K2 = N., 2 (7-td) q

n_/Sd , where Sd-1 1 denotes the surface area of Sd-1. Therefore, for any set E C
Sd-1 with #E = m > n, we have by (2.5),

IIL1 •,-II Cnm/ISd-ll/min(PE), (2.9)

which recovers in the case of interpolation (m = n) an error bound by Reimer [7]
originally proved by using Lagrangian square sums (see also [10]).

3 Univariate polynomials
Let Q be an interval [-h, h] on the real line IR, and let

pj(t) = (t/h)j-l, j = 1,...,n.

Then P is the restriction to [-h, h] of the space In_1 of all univariate polynomials
of degree at most n - 1. By the well-known interpolation properties of the univariate
polynomials, rankP- = n for any E = {1,.. ,} C [-h,h], m > n, with distinct sj's.

For any E' = {fi 1 ,....., 6, } C E, let qE, denote the separation distance,
1.q- -min 1i~j - 6i, 1.

The Lebesgue constant 11L,,1 of the corresponding interpolation scheme can be easily
estimated as 2 n-i

IIL ,--,II <_ (n

Since E' may be any subset of E of cardinality n and since v(P, E) Ž IILp,,, 1, we get
h- )n - 1,- /-,n

(n-) (h '"

where
qEn := max q~i.

Hence, by (2.3) and (2.6),
If - L _,lct-h <- ( -1 + -1) (h/q-) E(, - (3.1)

-1_f11[-_ h (n _,n)' E nff l)C[-hh].

This last estimate shows that the univariate least squares polynomials have the
approximation power of the best local polynomial approximation as h -+ 0 provided
h/qn,,.. remains bounded. However, if the scattered points a,,...,, E [-h, h] are
clustered together in at most n - 1 very tight groups, then qnn may be arbitrarily
small, thus forcing the right hand side of (3.1) to blow up. To figure out what happens
to 1If - Ln_ 1,=fIC[-h,hl in these circumstances, we consider the following example.
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Let h= 1, n=2, f(t) =t 2 -1/2, and E= {-,0,}forsome0 < 1. It is easy
to see that Lni,=f - -1/2 + 262/3. Since E(f,lI')c[-1 ,l] = 1/2, we have

1f - Lxn1,-fIc[_,z] = 1/2 + 11/2 - 2ý 2/31 • 2E(f,< 1I)c[-

even though, by a simple calculation,
ILrp,--11 = 1/3 +- 1/C,

v/2/9min(P=_) = 1/i(P,E) = 1/q=,2 = 1/ý - 00 as • -*0.

This may contribute to the opinion that ILnn,= I, Cmin(Pn), '(P, E) and q=,, are not
the right quantities to describe the behaviour of the approximation. Indeed, as the
three points -6, 0, 6 coalesce, Ln,=,f converges to a Hermite interpolation polynomial
provided the entries of PR as well as the values of fIS are exact. However, if we simu-
late "real world" data by adding to f(-6), f(0), f(6) normally distributed errors with
standard deviation 10- 4 , then the picture substantially changes. Table 1 shows that
IIf - Lnf,=If Jc[-1, 1] does blow up in this case. For comparison we also include in the
table the error of If - Lni,vfIJcJ[_i,i for the same contaminated data.

TAB. 1 Average (dlean) and maximum (dlmaý) of If- Lni=fI1c[-1,11 as well as
maximum of I1f - LnI,=f c11[-1,11 (d'm.) in 1000 tests with contaminated data

S10-3 10-4 10-5 10-6 10-7 l0-S
dmean 1.06 1.56 6.63 57.3 564 5630
d~max 1.24 3.39 24.9 240 2390 23900
domax 1.00018 1.00018 1.00018 1.00018 1.00018 1.00018

Thus, if qEn is too small, we cannot practically achieve with least squares the ap-
proximation order of E(f, Il)c[_h,h] simply because the points lying too close to each
other carry redundant information and we have at most n - 1 clusters of such points.
Therefore, we should adjust the polynomial degree to the given data paying attention to
the trade-off between higher approximation power of higher degree polynomials and the
"pollution" caused by the factor qj-'Z that increases with n. In practice one may choose
maximal n such that h/qn-,n is smaller than a prescribed tolerance value 0 < E < 0o.

4 Multivariate polynomials
The situation becomes substantially more complicated when we turn to multivariate
polynomials. Let Q be a bounded domain in Rd and let {pz,... ,Pn}, n = (d+q), be
a basis of the space P = fld of polynomials in d variables of total degree q satisfying
(2.1) on Q. (For example, we may consider a properly scaled standard power basis with
the center at a point in 0 or the Bernstein-B6zier basis with respect to some simplex
overlapping 11 or a significant part of it.) Let, furthermore, 7 be an arbitrary finite set
of points in £1 such that m = #E > n.

The first problem we face in the case d > 2 is that the matrix PE may be rank deficient.
It is clear, however, that there is no practical difference between this situation and the
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one when PE has full rank but is extremely ill-conditioned, i.e., O`min(PW) is very small.
Moreover, (2.8) shows that even moderately small Oumin(P=) may significantly reduce
the approximation power of L-p.=. Clearly, the same can also happen in the univariate
case if q=-.n is too small. The real difficulty of the multivariate case seems to be that
simple characteristics of E, like separation distance q=,,, do not give much information
about the norm of Lp,•. For example, six equidistant points on the unit circle in R12

are well separated and look reasonably distributed. However, they are not good for least
squares approximation from the space H12 since the matrix P= is rank deficient. Suitably
perturbed, these points will give rise to the least squares operator L,12 with a very

large norm. More generally, the norm of Lnd =will be large if the points in = C 1Rd lie
"too close" to an algebraic hypersurface of order q.

If the data are comparatively dense in Q, namely the fill distance
h-. :-- sup min Ix - ýj

xEQ ýE--

does not exceed some small positive constant depending on Q and the polynomial degree,
then the estimates of the norming constant v(flq, E) given in [9] provide a bound for
ILnrfd,, [[, in view of (2.6). For example, if Q is a ball of radius r, then v(HdI, -E) _> 1/2

if h=,n < O.11r/q 2.

On the other hand, without any density assumptions we can always rely on (2.8),
where oUmin(P.) can be efficiently computed by well known algorithms of numerical lin-
ear algebra. In some sense, small amin(PE) indicates that the local data has "hidden
redundancies" (e.g. too many points lying very close to the same straight line or the
same ellipse) that prevent it from carrying enough information for a "full power" ap-
proximation of the underlying function from 1 d. Similar to the univariate case, but using
umin(Ps) instead of qE-- , we can adaptively choose the polynomial degree according to
the following algorithm that has proven to be useful for scattered data fitting [3, 5].

Let Q C Rd, d C 92, #E = m. Denote by P.1 the matrix of the evaluations of
appropriate basis functions for Ed, q Ž 0, at the points ý E E.

Algorithm 4.1 Starting with some q = qo > 0 such that (d+q) !i mi, compute amin(P, ).
If 1/Omin(Pq) is smaller than a prescribed tolerance E < oc, then compute the least
squares fd-approximation to the data in and accept it as a reliable approximation on
Q. Otherwise, repeat the same with q = q0 - 1 and successively reduce the degree q to

qo - 2,..., 0, while 1/cimin (Pq) >_ E. For q = 0 no comparison of 1/om,"in (PE) with E is
needed since ILno1djII is bounded for any Q and

Note that, optionally, the condition number f I[PT 2 /0min(Pq) of Pý can be used in
the above algorithm instead of 1/amin(Pj), as it has been formulated in [5].
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